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Catalecticant matrices for
f (x, y) = λ(x − y)4 + (x − 2y)4 − (2x − 3y)4,

for λ = 8, 2, treated as triples of column vectors, rotated
so that the first two lie on thex-axis and in thexy-plane,
respectively. And the parallelepipeds they induce: asλ de-
creases to zero the parallelepipeds shrink and ‘flatten’ pro-
gressively such that volumes, identical to the determinants
of the matrices, also decreases to zero; at which point, and
not otherwise, Sylvester’s matrix equation is satisfied.

Sylvester’s Catalecticant Let f (x, y) =
∑n

i=0 ai

(

n
i

)

xn−iyi and h(x, y) =
∑r

j=0 c jxr− jy j, with ai, c j ∈ C, be
binary forms in two variables x and y, of degree n and r, respectively, and suppose that h(x, y) may be
written as a product of r pairwise distinct linear factors: h(x, y) =

∏r
k=1(−βkx + αky). Then a necessary

and sufficient condition for f (x, y) to be written as a weighted sum of n-th powers of the linear factors
(αkx + βky), i.e. f (x, y) =

∑r
k=1 λk(αkx + βky)n, λk ∈ C, is that the coefficients of f and h satisfy the matrix

equation 
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The above illustration gives a geometric interpretation ofminimal quartic representation: can the binary quartic form f (x, y) = λ (ax + by)4
+µ (cx + dy)4

+ν (ex + f y)4,
a sum of three fourth powers of linear factors, be represented as a sum of just two? We can calculate thecatalecticant of f (x, y), i.e. the determinant of its catalecticant
matrix, asλµν (ad − bc)2 (a f − be)2 (c f − de)2. This can only vanish in degenerate cases: one of the linear factors is absent or is a multiple of another, i,e., when and
only when the sum is of two fourth powers.
So catalecticant matrix rank gives a test for a reduced representation off as a sum of powers. But the introduction of the formh gives more: an algorithm for the

reduction. Considerf (x, y) = x3−6xy2. Sylvester’s equation is

(

1 0 −2
0 −2 0

)

· (c1 c2 c3)T = (0 0 0)T , which solves to givec1 = 2c3 = 2, say, andc2 = 0. Now we can

constructh(x, y) = 2x2 + 0xy + y2; and factorise it ash(x, y) =
(√

2 ix + y
) (

−
√

2 ix + y
)

. So for someλ1, λ2 we can writef (x, y) = λ1

(

x −
√

2 iy
)3
+ λ2

(

x +
√

2 iy
)3

and indeedλ1 = λ2 = 1/2 gives the desired expansion.

The representability of binary forms as sums of powers was largely resolved by Sylvester who introduced the catalecticant for this purpose
in 1851. Minimal representability of forms in general belongs toWaring’s problem for forms and continues to be a topic of deep research.

Web link: www.theoremoftheday.org/Docs/Teitler2014.pdfby Zach Teitler (1.6MB); our treatment followswww.math.uiuc.edu/∼reznick/hdfbr.pdf.
Further reading: Tensors: Geometry and Applications by J.M. Landsberg, AMS, 2012.
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