The Albert—Brauer—Hasse—Noether Main Theorentvery finite-dimensional noncommutative divisio
algebra over a number field is a cyclic algebra. O

THEOREM OF THE DAY i

Base field: (J

Extension field: L = Q{w) = C
&:o— o on Q(m)

Galois group: Gal(L/QQ) = (&}
a=w0+m=2cos7/7 (T=21)

Intermediate field: K = Q(a) = R

o= 6% on Q)
Galois group: Gal(K/QD) = (a)

K0

ag(a) = 2¢c0827T/7=q%-2

1.5
1.0
0.5
.0 @
o*(a)
05
CO4
10
%
—_—
A5
2.0 A5

40 05 0.0 0.5 1.0 1.5 2 | OHa)=2c0837/7=1-a- a?

n=ZE~0ERQZ -~

A number field is a finite extension of the rationdls cyclic algebras are constructed oyclic field extensions. For example, the equatidn- 1 = 0 has
solutions, such as = €77, not in Q. The extensior(w) is the smallest field containing andw; it is cyclic of degree Gecause those of its symmetries
(permutations preserving the field structure) which leawmaoved all ofQ form a cyclic group of order 6 (namel@s = {1,6,6%...,6°, 0 : w — «%. In
1914, L.E. Dickson, the inventor of cyclic algebras, obsdrthat the square @f acting one = w + «®, also creates a cyclic group: with= 6, {1, 0,02} =

Cs. Now « is an irrational number solving® + x> — 2x — 1 = 0, so we get anntermediateextensionQ(a) which is also cyclic. Dickson’s cyclic algebra
construction adds an indeterminatetogether with the rulesu® = q, g € Q andua = (a? — 2)u. This construction generalises to cyclic extensions of any
degree over any field; for appropriate choiceg dfie result is also a noncommutatiderision algebra a vector space (necessarily having dimension a square)
with a multiplication which never gives zero for pairs of zeno elements. Here, the result is a 9-dimensional algela@ in which a typical element is

ag + a1 + aa® + agu + asaU + asauU + agu? + ayal? + aga®U?, a € Q.

Richard Brauer, Helmut Hasse and Emmy Noether announcedesiult in 1931 with the American A. Adrian Albert close
behind. Some of the key ideas were anticipated by Emil Agtattident Kte Hey in her 1927 PhD thesis. <

Web link: www.maths.tcd.igpulyims/bull57: click on the excellensurvey articleby David W. Lewis.
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Further reading: The Brauer-Hasse-Noether Theorem in Historical Perspetly Peter Roquette, Springer 2004. Dickson’s degree-s

' _ ‘ cyclic algebra is described in chapter 5/First Course in Noncommutative Rinlgg Tsit-Yuen Lam, Springer, 2009.
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