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On the theory of commuting matrices
by Mr J. Schur, Berlin
As is well known, among the matrices of degree n
(χλ = 1, 2, . . . , n),

aχλ

n2 linearly independent matrices can be specified in an infinite number of ways. Any such
collection A0 , A1 , . . . , An2 −1 , then has the property that any other matrix A of degree n can
be written in the form
A = c0 A0 + c1 A1 + . . . + cn2 −1 An2 −1 .
Since for n > 1 matrix multipication is not in general commutative, there cannot be a system
of n2 linearly independent matrices of the nth degree which are pairwise commutative. Thus
the question arises of determining the greatest possible number of linearly independent,
mutually commuting matrices of the nth degree. Let the number we are looking for be
denoted by νn + 1. If then
A0 , A1 , . . . , Aνn
are νn + 1 commuting matrices which are linearly independent, then clearly each of the
products Aβ Aγ must be represented in the form
νn
X
cαβγ Aα ,
Aβ Aγ =
α=0

where the cαβγ are certain constants. The collection of all matrices
x0 A0 + x1 A1 + . . . + xνn Aνn
with arbitrary coefficients xν therefore forms a commutative algebra of order νn + 1 according to the definition of Mr Frobenius[1]. The problem posed above can therefore also be
formulated as follows: ”Which is the greatest possible order of a commutative algebra of
order νn + 1.
We prove the following:
I: The order of a commutative algebra of degree n matrices is at most
Here, as usual,
number

n2
4
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n
4

means the largest integer that does not exceed

and for odd n, the number

n2
,
4
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n
4

+ 1.

i.e. for even n the

n2 −1
.
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