| THEOREM OF THE DAY

The Wedder burn-Artin Theorem Any finite dimensional semisimple algebra is isomorphic thract
product of matrix algebras over division algebras.

A X11 | X4q2 X5 = X (idempotent)
a semisimple Xij « Xt = Xt » X (commutative)
algebra X21 | X22 xij . X =0 ifi =korj=1[but not both

E.g. (Xq1— 2X(5Xp1) (Xo2 = Xq2 = Xq1Xp2) = Xq4Xpp — 0 — X4 X5 — O + 2X;,%X5, + 0
= 2X1%y1

The illustration shows a small example of a semisimple algely over the complex numbefs, generated by taking sums of products of the
indeterminates in the R 2 grid, weighted by elements i@ and subject to the rules above right. These rules, partigulae last one, which
says two indeterminates from the same row or column multiplgero, seem to take us quite far from ordinary arithmetigt tBey limit the
dimension to 6, the number of possible nonzero productsdaterminates; and they prevent powers of nonzero elememskfecoming zero,
which for a commutative algebra isfSgient to define the property of being semisimple. So the Wdmlote-Artin Theorem tells us that the
arithmetic can be done entirely in terms of matrix arithmeltn fact, this being a commutative algebra o@erve get the ultimate reduction, to
1 x 1 matrices: the arithmetic takes place via componentwidéiad and multiplication of vectors iG®.

How does this work? In algebr& the sumxy; + Xio + Xo1 + Xoo — X11X00 — X10Xo1 = 1a a@cts as andentity element, (i.e.aly = 1aa = a,

for all a € A); you can confirm, for instance, th&at;Xo» X 1a = X11X00 + X11X02 — X11%00 = X11X%00. We ‘decompose the identity’ into a sum of 6
orthogonal idempotentse; = X1 — X11X02, € = Xop — X11X22, €3 = X1p — X10X21, €4 = Xo1 — X1oX21, € = X11X00, AN € = X;12Xp1: €ach one
squares to itselfef = ), and the product of any other pair is zeg®( = 0 whenevei # j). Now the isomorphism in the theorem works via the
decompositiorA = Ae; X Ae X ... X Ag;. For example, the product in the illustration above becofees s — 2e;) x (e, — &3 — &), represented
inC%as (10,0,0,1,-2)x (0,1,-1,0,0,-1) = (0,0, 0,0, 0, 2), which maps back toX2,x,1, as required.

Although generally known as ‘Wedderburn-Artin’, it was4Hi907 theorem of Joseph Wedderburn, together with his char-
acterisation of finite dimensional simple algebras as maings, that properly established the theory of asso@adlgebras.
Emil Artin was later to extend this description into the damaf ring theory. The study of associative algebras evoived
the late nineteenth century, with prototypes of this famstscture theorem due to Theodor Molien and Elie Cartan (the
decomposition of commutative semisimple algebras maythiewted to Weierstrass and Dedekind).

Web link: www.math.stonybrook.eguaknappbookga2-alg.html Chapter 2 is authoritative on Wedderburn’s contributions
Further reading: Finite Dimensional Algebraby Y. A. Drozd and V. V. Kirichenko, translated and with apgenby V. Dlab, Springer Berlin, 1994.
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