A THEOREM OF THE DAY Q|

The Change of Variables Theorem Let A be a region irR? expressed in coordinates x and y. Suppos@
that region B inR?, expressed in coordinates u and v, may be mapped onto Alvgldransformation T
specified by continuously fferentiable functions x= p(u,v) and y = g(u,v). Then for a continuous

function f on A,
f f fdxdy= f f £ (p(u, V), G(u, V)1 Jr (U, v)ldudy
A B

B op/ou op/ov ) . .
where 3(u,v) = det( 9a/du aq/av) Is theJacobiarof T.

T=2rande
in another magical
combination!

Lord Kelvin’s integral on the blackboardters a famous exam-

Do you know what a mathematician is? A
h . h hat b ple of how todays theorem can dramatlcally S|mpI|fy a prob-
mathematician is one to whom that is as obvious lem. Letl = foo ~dx. Thenl? = (f o X dx)(f evdy) =

: : |
E1E il i ISl e FOT (= e yol fmf e *)dxdy. We propose to change variable by express-

ing thexy plane in polar coordinates, via the transformatioa

p(r,0) = rcosh, y = q(r,8) = r sind. Then the Jacobian is given

by d l( arcosh/or 9rcoss/oo ) _ getf €087 T sing
orsing/or  0rsind/d0 sind rcosd

Now, Change of Variables givé$ = [[[* e (o€ 0+simr drglg =
Jy[-3e"]5de = [ 3do =7/2.

This theorem, whose use is second nature to applied matioganat
and probability theorists, was surprisingly resistentaionfal proof.
Victor Katz attributes its first completely satisfactorgdtment to
Elie Cartan in the 1890s, over 125 years after Leonhard Eugtr
proposed the technigue while inventing double integration

Web link: mathinsight.orgdoubleintegralchangevariablesintroduction

Further reading: The Genius of Euldoy William Dunham (ed.), the Mathematical Association
of America, 2007 (Katz’'s authoritative paper is reproduirepart 2). The Kelvin quote is from
Silvanus P. Thompsonisfe of Lord Kelvin, vol.2 OUP. Ponifes
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