| THEOREM OF THE DAY

1
The Convolution Theorem Let a= (ay, ..., a,) and b= (b, ..., b,) be vectors irC™!. Theconvolution
of a and b, denoted-ab, is the vector & (cy, . . ., Con), in C*™*1, defined by c= ZT:O ajbi_j,i=0,...,2n, @

with b, = O whenever k 0 or k > n. Then .
axb=F"(F(aeF(b),
where¥ is the(2n+ 1)-dimensional Discrete Fourier Transform amdls componentwise multiplication.
¢yt (-3c; + (-3¥c, + (-3Yc; + (e, + (-3)°c; + (-3)%¢c, = -238

y=1-x+tx7+x°
ﬁ :D ¢yt (-2)c; + (-2¥c, + (-2Yc, + (:2)%c, + (-2)%c; + (-2)%c, = -6
PN

y=-4-x+2x° 25 /
: : /> ¢, + (D)c, + (I¥e, + (1Yc, + (Dc, + IYcs + (Dfc,= -2
c,+ (O, + (O¥c, + (OFc; + (O)c,+ OYc;+ (O)°c,= -4

/_x ¢+ (e, + (I¥e, + (I¥e,+ e, + (IYes+ (Dic,= -6
¢yt Qc; + (2¥c, + 2Pc; + e, + 2Pcs+ (2Pcs= 22
20 ¢yt e, + BYe, + 3¥c; + e, + BYes+ (3)oes= 374
N
— Co='4ycj=3J CZ='1, 03y=—-7’ c4=1J Cs =2’ c6=0
=|-238 -6 -2 4 -6 22 374 ﬁ y=-4 + 3x - xX* - 7 + xt + 2

The picture shows a version of the Convolution Theorem fdyrmpamials: a x b = interpolate(evaluatef e evaluatelf)). ‘Evaluate’ means evaluate a degme
polynomial at 2 + 1 points; the Discrete Fourier Transform (DFT) correspaiads particular choice of points. Here we have merely chosen 2 = 7 integers at
which the two polynomiala: —4—x+2x%andb: 1-x+ x* + x° are evaluated (polynomialis taken to have degree 3 but wil = 0). These values are multiplied
and interpolation is applied: the 7 component products defisystem of 7 simultaneous equations whose unique solstfmecisely the list of caécients of the
product of the two polynomials (the cieient of x° is zero because polynomiahad degree: 3). For polynomials, this is precisely what convolution iavies.

The DFT evaluates instead at complex numbers: the 2 powers of a primitive (& + 1)-th root of unity. Via Euler’s Identity, these are expressas powers of
e/ (r = 27). In general, to apply the DFT to a vectoof lengthN, we multiplyv by theN x N matrix & whoseij-th element igo(-D0-1 (modN) -, — efi/N " (To
our polynomial coéficient vectors we first need to appemderos to extend to lengtim2 1.) This special choice of points leads to a dramatic contjmutal short-cut:
the so-calledrastFourier Transform (FFT) achieves convolution (and hendgnmonial multiplication) in timeO(N log N) instead ofO(N?).

This discrete convolution theorem is intimately connecigtth the FFT known, in some form, to Gauss, as early as 1 4
rediscovered by Cornelius Lanczos in 1940; and made widebyvk by James Cooley and John Tukey, 1965. By

Web link: betterexplained.cofarticlegintuitive-convolutior
Further reading: The Design and Analysis of Computer AlgorithoysA. Aho, J.E. Hopcroft and J.Ullman, Addison-Wesley, 1931dapter 7

Created by Robin Whitty forww.theoremoftheday.org34



http://www.theoremoftheday.org/
http://www.theoremoftheday.org/Resources/Glossary.htm
http://www.theoremoftheday.org/Resources/TheoremNotes.htm#95
https://betterexplained.com/articles/intuitive-convolution/
http://www.theoremoftheday.org/Resources/Bibliography.htm#AlfredAho
http://www.theoremoftheday.org/Annex/taumanifesto.html
http://www.theoremoftheday.org/Analysis/Lagrange/TotDLagrange.pdf
http://www.theoremoftheday.org/Theorems.html#95
http://www.theoremoftheday.org/NumberTheory/Cyclotomic/TotDCyclotomic.pdf
http://www.theoremoftheday.org
http://www.theoremoftheday.org

