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Hanover Berlin 

Early years 1826 Hannover Born 2nd of 6 children of Lutheran minister 

1840 Lyceum 

1842 Lüneburg Gymnasium Reads Legendre’s  Number Theory in 6 days 

1846 Göttingen University Theology then philosophy (mathematics) 

1847 Berlin University Steiner, Jacobi, Dirichlet, Eisenstein 

1849 Göttingen University Gauss, Weber and Listing (physics)  

1851 PhD (Gauss): geometric properties of analytic 
functions, conformal mappings and the 
connectivity of (Riemann) surfaces 



Conformal maps 

Source: galileo-unbound.blog/ 



Conformal maps: stereographic projection 

Source: Wikipedia 

Source: math.stackexchange.com 



Conformal maps: the Möbius transform 
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Note lines can map to circles and vice versa 
(line segments to arcs of circles). 

The map here is a composition of a simpler 
transformation followed by a translation: 
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Properties of the Möbius transform 

Möbius and stereographic projection 

Applying a Möbius 
transform to a 
point on the 
complex plain is 
the same as 
projecting that 
point on to the 

Riemann sphere, then rotating, translating, 
scaling and inverting the sphere. Then pro-
jecting back to the complex plain  

Source: Wikipedia 



Mature years 
1851 PhD under Gauss.  Dissertation:  Foundations of a general theory of functions of a 

variable complex magnitude  
Appointed to teaching post at Göttingen. Habilitation work (30 months) 

1854 Habilitation dissertation: representation of functions by trig series, Riemann integral. 
Habilitation lecture: On the hypotheses at the foundations of geometry: Riemannian 
space, curvature tensor, physical theory of geometry (precursor to modern cosmology) 

1855 Death of Gauss whose chair is taken by Dirichlet. 

1857 Personal chair at Göttingen. Classic: Theory of abelian functions (developed for a 
course given to 3 students, incl. Dedekind) 

1858 Visit from Italian school of geometry (Betti, Casorati, Brioschi) 

1859 Death of Dirichlet: Riemann accedes to the chair of mathematics. Elected to Berlin 
Academy of Sciences. Report to Academy: On the number of primes less than a given 
magnitude, Explicit Formula and  Hypothesis 

Riemann’s 1951 dissertation presented a version of what became the Riemann Mapping 
Theorem , according to Lars Ahlfors, “one of the most important theorems of complex 
analysis”. 



The Riemann Mapping Theorem 

English translation:  www.scribd.com/document/478123440/1408-0132v1 

History: Jeremy Gray, "On the history of the Riemann mapping theorem" (PDF), 
Rendiconti del Circolo Matematico di Palermo. Serie II. Supplemento (34): 1994, 
pp. 47–94. 
 

Sixty years’ work was required to make this entirely rigorous! Ahlfors, writing in 1953, 
commented that Riemann sends “almost cyptic messages to the future” and that his 
statement of the mapping theorem “would defy any attempt at proof, even with modern 
methods” 

In a translation of Riemann’s original assertion: 
 
 
 
 
 
 
 
 
 
 

http://www.scribd.com/document/478123440/1408-0132v1
http://www.scribd.com/document/478123440/1408-0132v1
http://www.scribd.com/document/478123440/1408-0132v1


The Riemann Mapping Theorem: modern day 

 
the Gamma function 



The Riemann Mapping Theorem: modern day 

 
the Gamma function 



The Mapping Theorem and circle packings (1) 
The Riemann Mapping Theorem says that any proper open subset of the complex 
plane may be mapped conformally on to the open unit disk at the origin.  

This mapping is unique up to Möbius transformations of the disk. 

This uniqueness led William Thurston to draw a striking comparison with circle 
packings. 

A circle packing is a collection of circles in the complex plane which are disjoint 
except possibly on their boundaries – there are allowed to be tangencies. 

A planar graph may be drawn, 
called the nerve of the 
packing, with adjacencies 
corresponding to tangencies 

Images: Asaf Nachmias, “Planar maps, 
random walks and circle packing”, 
Lecture notes of the 48th Saint-Flour 
summer school, Tel Aviv University, 2018. 



The Mapping Theorem and circle packings (2) 

Let P be a circle packing and denote by G(P) its nerve. 

Circle Packing Theorem Every finite simple planar graph G has a circle packing. 
That is, there exists a circle packing P such that G(P) is isomorphic to G. 

The circle packing need not be unique. 
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The Mapping Theorem and circle packings (3) 

Source: Terence Tao, 246C notes 2: Circle packings, 
conformal maps, and quasiconformal maps 
terrytao.wordpress.com/2018/04/12/246c-notes-2-circle-
packings-conformal-maps-and-quasiconformal-maps/ 

However if a graph is maximally planar then its circle packing is unique up to 
Möbius transformations. 

Unique Circle Packing Theorem (Koebe–Andreev–Thurston)  If a connected planar 
graph is maximal (i.e., no further edge can be added to it without destroying 
planarity), then the circle packing given by the above theorem is unique up to 
reflections and Möbius transformations. 



The Mapping Theorem and circle packings (4) 

Example 





The Mapping Theorem and circle packings (5) 

Source: Terence Tao, 246C notes 2: Circle packings, 
conformal maps, and quasiconformal maps 
terrytao.wordpress.com/2018/04/12/246c-notes-2-circle-
packings-conformal-maps-and-quasiconformal-maps/ 

Source: Asaf Nachmias, “Planar maps, 
random walks and circle packing”, 
Lecture notes of the 48th Saint-Flour 
summer school, Tel Aviv University, 2018. 

Approximating the conformal map 
from a rhombus to the disk using 
circle packing, at two different 
degrees of accuracy. 
 



Last years 
1862 Marries (one daughter). Contracts tuberculosis. Travels in Italy 

1860s Ill health. Travels between Göttingen and Italy. 

1866 Dies  20 July 1866 (aged 39) in Selasca, a hamlet on the western shores of Lake 
Maggiore) in Northen Italy 



“His strength declined rapidly, and he himself felt that his 
end was near. But still, the day before his death, resting 
under a fig tree, his soul filled with joy at the glorious 
landscape, he worked on his final work which 
unfortunately, was left unfinished.” 

Richard Dedekind 


