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"This is probably the longest entry in the OEIS, and rightly so." 
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In a bookshop near you… 

John Riordan,1968 

Thomas Koshy, 2008 

R.P.Stanley, 2015 



The famous Exercise 6.19 

More: math.mit.edu/~rstan/ 



My agenda 

1. Catalan bijections 

2. Voting sequences 

3. Catalan’s triangle 

4. The Catalan triangle formula 

5. Catalan numbers again 
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Catalan bijections 1 



Tree_to_brackets(T) 

    if T empty then return 

    write “(”  

    Tree_to_brackets(left subtree of T) 

    write “)”  

    Tree_to_brackets(right subtree of T) 

end 
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Catalan bijections  2 
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Catalan bijections  3 

Walking through the binary trees by ‘rotation’. In 1988, Daniel Sleator, Robert 

Tarjan and William Thurston used a bijection to polygon triangulations (plus a 

switch to 3D plus a switch to hyperbolic geometry!) to bound ‘rotation 

distance’ between two trees 

More: theoremoftheday.org/Theorems.html#192 



Voting sequences 1 

Eugène Catalan was maybe the first (1838) to count bracket sequences = n 

pairs of brackets permuted so as to never have more closed brackets than 

open: 

( ( ) ( ) ( ) )                            

( ( ) ) ) ( ( )      

He was also the first (1839) to define ballot numbers which he analysed in terms 

of Catalan numbers, but disguised as triangulations. 

X X Y X Y X Y Y         Ys never exceed Xs                         

X X Y Y Y X X Y          Ys sometimes exceed Xs 

X X Y X Y X Y Y X       X maintains a winning margin over Y  



Voting sequences 2 

More: theoremoftheday.org/Theorems.html#252 

Ballot Theorem 

2 candidates X and Y 

N voters 

X wins by a margin of W votes. 

Probability that, from first vote, X is always ahead is W/N. 

Aim was to find a ‘natural’ proof of this. 

Means finding a ‘natural’ way to count ‘good’ sequences of Xs and Ys. 

 

5/15 sequences for N = 6, W = 2 are good. 



Voting sequences 3 

5/15 sequences for N = 6, W = 2 are good. 



Voting sequences 4 

Good sequences for N = 6, W = 2 



Voting sequences 5 

These ’s all start with 2 Xs just because Y must always be behind X in the vote. 

If we ignore the leading X then we are talking about sequences where 

The number of Ys never exceeds the number of Xs   

The trees here are winning margin of W = 2 

Drop the initial X 

Add a Y at the end 

Xs now same as Ys. Same tree. Number of leaves is Catalan number! 



Voting sequences 6 

More: math.mit.edu/~rstan/ 



Wikipedia 

C(n,k) is the number of sequences of n Xs and k Ys in which the 

number of Ys never exceeds the number of Xs. 

 

‘Completeable’ bracket sequences, e.g. ( ) ( ) ( ( 

 

Observe C(n,n) = C(n,n1): every n,n bracket sequence is an n,n1 

sequence completed with a ) 

 

C(4,2) = 9 

 

XXXXYY 

XXXYXY 

XXXYYX 

XXYXXY 

XXYXYX 

XXYYXX 

XYXXXY 

XYXXYX 

XYXYXX 

 

Catalan’s triangle 1 



Catalan triangle 2 

So: 
Natural proof of the probability W/N for ballot sequences 

       same as counting good sequences 

             same as counting leaves in  trees 

                   same as calculating Catalan triangle entries 

C(4,2) = 4 Xs, 2 Ys 

     X Y X Y X X 

Corresponds to ballot sequence of 5 Xs 

and 2 Ys, so N = 7, W = 3 

     X X Y X Y X X 
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Catalan triangle formula 1 

Wikipedia 

So I can still have my natural proof of the Ballot Theorem, by having a 

natural proof of  



Catalan triangle formula 2 
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Catalan numbers again  1 

My aim now: a natural proof of:  

Surely, this is  

All ways of 

placing k Ys 

into n + k 

positions 

All bad ways 

of placing k 

Ys into n + k 

positions 



Catalan numbers again  2 

Surely, the bad sequences are: 

All ways of placing k 

Ys into n + k positions 

All bad ways of placing k 

Ys into n + k positions 
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Start with a Y. The  remaining 

k1 Ys can go anywhere in 

the remaining n+k1 places. 

Start with an X. There  are 

k2 choices to make in the 

remaining n+k1 places. 

What choices? 



Catalan numbers again  3 

Surely, the bad sequences are: 
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??? 

In fact, I think I fell into the trap of thinking a binomial coefficient must 

correspond to a bijection. 

 

I’ve come to the conclusion that the natural identity for bad sequences is: 
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Catalan numbers again  4 
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All bad ways 

of placing k 

Ys into n + k 

positions 

Bad after 1st entry. Happens 1 way (starts Y) 

+ bad after 2nd entry. In 1 way 

+ bad after 3rd entry. In C2 ways 

+ bad after 4th  entry. In C3 ways 

+ bad after 5th  entry. In C4 ways 

… 
 

Corresponds to an infinite tree that constructs all the bad sequences. 

The number of leaves at height n is Cn-1  another construction of Catalan 

numbers?! 


