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1 2 3 4 5 6 …

0 0

1 0 0

2 0 1 0

3 0 2 2 0

4 0 3 5 3 0

5 0 4 9 9 4 0

6 0 5 14 19 14 5 0

⋮

𝑃 − 1 as a lower triangular matrix



A014430: Pascal −1



OEIS sequence A014430 Part 1 



Multisets of base 𝑏 ≥ 2 numbers with 𝑑 ≥ 1 digits

1 2 3 4 5 6 …

2 1 2 3 4 5 6

3 2 5 9 14

4 3 9 19

5 4 14

6 5

5 6

⋮

𝑏

𝑑
𝒃 = 𝟑, 𝒅 = 𝟑 𝒃 = 𝟒, 𝒅 = 𝟐

1 0 0 1 0

2 0 0 2 0

1 1 0 3 0

1 2 0 1 1

2 2 0 1 2

1 1 1 1 3

1 2 1 2 2

1 2 2 2 3

2 2 2 3 3



Pascal and the Christmas stocking identity

𝑛 + 1
𝑚 + 1

= ෍

𝑟=𝑚

𝑛
𝑟
𝑚

0 1 2 3 4 5 6 7 8 …

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

⋮



OEIS sequence A014430 Part 2 

0 1 2 3 4 5 …

0 1

1 2 2

2 3 5 3

3 4 9 9 4

4 5 14 19 14 5

5 6 20 34 34 20 6

⋮

0 1 2 3 4 5 …

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

⋮

𝑄 𝑃



0 1 2 3 4 5 …

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

⋮

𝑃

Kleedorfer’s formula (?)

0 1 2 3 4 5 …

0 1

1 2 2

2 3 5 3

3 4 9 9 4

4 5 14 19 14 5

5 6 20 34 34 20 6

⋮

𝑄



OEIS sequence A014430 Part 3 

0 1 2 3 4 5 …

0 1

1 2 2

2 3 5 3

3 4 9 9 4

4 5 14 19 14 5

5 6 20 34 34 20 6

⋮

1
2

2 0
−2 1



Inverting (infinite) lower triangular matrices

(𝑎)−1=
1

𝑎

𝑎 0
𝑏 𝑐

−1

= 1
𝑎𝑐

𝑐 0
−𝑏 𝑎

=

1

𝑎
0

−
𝑏

𝑎𝑐

1

𝑐

𝑎 0 0
𝑏 𝑐 0
𝑑 𝑒 𝑓

−1

=
1

𝑎𝑐𝑓

𝑐𝑓 0 0
−𝑏𝑓 𝑎𝑓 0

𝑏𝑒 − 𝑐𝑑 −𝑎𝑒 𝑎𝑐

=

1

𝑎
0 0

−
𝑏

𝑎𝑐

1

𝑐
0

𝑏𝑒 − 𝑐𝑑

𝑎𝑐𝑓
−
𝑒

𝑐𝑓

1

𝑓

𝑋 𝑛 | 𝑛
−1

= 𝑋−1 𝑛 | 𝑛

𝑛 = 1,… , 𝑛



Inverting Pascal

𝑃𝑖𝑗
−1 = (−1)𝑖+𝑗𝑃𝑖𝑗



Inverting Pascal minus 1

𝑄𝑖𝑗
−1 =?



Inverting Pascal minus 1 and summing rows

෍

𝑗

𝑄𝑖𝑗
−1 = 𝐵𝑖



The Bernoulli numbers  𝐵0 = 1, 𝐵1 = −1

2
, 𝐵2 =

1

6
, 𝐵3 = 0,…



Seki Takakazu and Bernoulli

Seki Takakazu's Katsuyō Sanpō (1712)Jakob Bernoulli’s Ars Conjectandi (1713) 



Ramanujan and odd zeta 

𝜉 2𝑛 + 1 =
1

2
𝜏2𝑛+1 ෍

𝑘=0

𝑛+1

(−1)𝑘+1
𝐵2𝑘
2𝑘 !

𝐵2𝑛+2−2𝑘
2𝑛 + 2 − 2𝑘 !

− 2෍

𝑘=1

∞
𝑘−2𝑛−1

𝑒𝑘𝜏 − 1

Srinivasa Ramanujan

The zeta function is

𝜉 𝑠 = 1 +
1

2𝑠
+

1

3𝑠
+

1

4𝑠
+ …

Euler (1739) discovered a closed form expression for 
𝜉 𝑠 for even integers 𝑠 in terms of the Bernoulli numbers.

Ramanujan discovered an infinite series for odd values 
𝑠 = 2𝑛 + 1. In the case where 𝑛 is odd this specialises to 
the following (Mathias Lerch, 1901):

(Note for large odd 𝑛 the final term goes to zero, leaving a rational multiple of a power of 𝜏).



Faulhaber’s formula via Pascal −1

1𝑟 + 2𝑟 + 3𝑟 + …+ 𝑛𝑟 = 𝑈 𝑛, 𝑟 𝑄𝑟
−1𝟏

where

𝑈 𝑛, 𝑟 =
1

𝑟 + 1
𝑟 + 1
0

𝑛𝑟+1, … , −1 𝑘 𝑟 + 1
𝑘

𝑛𝑟+1−𝑘 , … , (−1)𝑟
𝑟 + 1
𝑟

𝑛1

and
𝟏 = 1,… , 1 .

13 + 23 + 33 + 43 + 53 = 𝑈 5,3 𝑄3
−1𝟏

=
1

4
4
0

54, −
4
1

53,
4
2

52, −
4
3

51

1 0
−1 Τ1 2

0 0
0 0

Τ2 3 Τ−5 6
Τ−1 4 Τ3 4

Τ1 3 0
Τ−3 4 Τ1 4

1
⋮
1

=
625

4
, −125,

75

2
, −5 × 1,−

1

2
,
1

6
, 0

−1
= 225.



For an 𝑛-vertex convex polygon we are interested in enumerating configurations of 𝑛
pairwise intersecting chords, each joining a distinct vertex to a non-adjacent edge. 

1, 2
2, 3
3, 1

1
2

3
𝑛 = 3

𝑛 = 4
1

2

4

3

1, 2
2, 3
3, 1
4, 2

1

2

4

3

1, 2
2, 4
3, 1
4, 1

1

2

4

3

1, 3
2, 3
3, 4
4, 2

1

2

4

3

1, 3
2, 4
3, 4
4, 1

OEIS sequence A014430 Part 4: Intersecting chords in  convex polygons

We take the vertices in anti-
clockwise order and denote a 
chord from vertex u to edge vw by 
the ordered pair (u,v). 



Another way of looking at it

1

2 3

4

5

6

Suppose we have placed a chord, e.g. 1 4, as shown 
left. 
Consider the possibilities for vertex 5.

1

2 3

4

5

6

Continuing 5 1 is legitimate 

1

2 3

4

5

6

Continuing 5 3 is fine … 

1

2 3

4

5

6

… but only if 2 and 3 go to edge 4



Another way of looking at it

1 2 3 4 5 6

1 1

2

3

4

5 1

6

Representing this in tabular form. 

1 2 3 4 5 6

1 1

2 1

3 1

4

5 1

6

A chord entry that 
does not have an 
entry directly below 
it must have an entry 
diagonally opposite 
the cell to its right.



Enumerating 𝑛 = 3 and 𝑛 = 4 in tabular form

1 2 3

1 1

2 1

3 1

1 2 3 4

1 1

2 1

3 1

4 1

Note wrap-around 
from entry 2 3

𝒏 = 𝟒

1 2 3 4

1 1

2 1

3 1

4 1

1 2 3 4

1 1

2 1

3 1

4 1

1 2 3 4

1 1

2 1

3 1

4 1



Enumerating by edge targeted from vertex 1 (table entry in row 1)

1,2 1,3 1,4 1,5 1,6 Totals

3 1 1

4 2 2 4

5 3 5 3 11

6 4 9 9 4 26

7 5 14 19 14 5 57

Enumerated as tables by hand

A000295 in OEIS = 2nd column 
of Euler’s triangle

How can we interpret the symmetry in the table? 



Under rotational symmetry
𝑛 = 4

1

2

4

3

1, 2
2, 3
3, 1
4, 2

1

2

4

3

1, 2
2, 4
3, 1
4, 1

1

2

4

3

1, 3
2, 3
3, 4
4, 2

1

2

4

3

1, 3
2, 4
3, 4
4, 1

4

1

3

2

1, 2
2, 4
3, 1
4, 1

3

4

2

1

1, 3
2, 4
3, 4
4, 1

2

3

1

4

1, 3
2, 3
3, 4
4, 2

1

2

4

3

1, 2
2, 3
3, 1
4, 2

So up to rotational symmetry, there is only one configuration for 𝑛 = 4

Rotating the first configuration:



Classifying by column sum

1 2 3 4

1 1

2 1

3 1

4 1

1 2 1 0

1 2 3 4

1 1

2 1

3 1

4 1

2 1 0 1

1 2 3 4

1 1

2 1

3 1

4 1

0 1 2 1

1 2 3 4

1 1

2 1

3 1

4 1

1 0 1 2

For 𝑛 = 4 we may enumerate configurations as one column-sum vector rotated round

1

2 3

4

5

1 3 1 0 0

5

1 2

3

4

3 1 0 0 1

4

5 1

2

3

1 0 0 1 3

3

4 5

1

2

0 0 1 3 1

2

3 4

5

1

0 1 3 1 0

Works for  𝑛 = 5 as well.  There are 11 configurations deriving from rotations of 3 asymmetrical.



Non-rotational symmetry 𝑛 = 6

1 2 3 4 5 6

1 1

2 1

3 1

4 1

5 1

6 1

1 0 3 2 0 0

1 2 3 4 5 6

1 1

2 1

3 1

4 1

5 1

6 1

3 0 1 0 0 2

1

2 3

4

56

1

2 3

4

56



Configurations up to rotational symmetry 𝑛 = 3,… , 7

3 4 5 6 7

1 1 3 5 9
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