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Binomial coefficients
𝑛
𝑚

. . .
1104512021025221012045101

193684126126843691
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172135352171

1615201561

15101051

14641

1331

121

11

1

Defined by 
𝑛
𝑚

= number of ways of choosing 𝑚 objects from 𝑛. Same as number of 

𝑚−subsets of an 𝑛-set.
So sum of row 𝑛 entries is 2𝑛.

Also: defined for 1 ≤ 𝑚 < 𝑛, by 
𝑛
𝑚

=
𝑛 − 1
𝑚

+
𝑛 − 1
𝑚 − 1

, and by 
𝑛
𝑛

=
𝑛
0

= 1.

Also: defined by  
𝑛
𝑚

=
𝑛!

𝑚! 𝑛−𝑚 !
=

𝑛× 𝑛−1 ×⋯×(𝑛−𝑚+1)

𝑚× 𝑚−1 ×⋯×2×1

which remains defined for any real or even complex 𝑛,
consistent with the binomial theorem:

(𝑥 + 𝑦)𝑛= σ𝑘=0
∞ 𝑛

𝑘
𝑥𝑛−𝑘 𝑦𝑘 ,

𝑛
𝑘

= 0, 𝑘 > 𝑛.



Normal curve approximation to binomial

Plots of 
𝑛
𝑚

/2𝑛 for n= 5,10,15,20  

𝑛
𝑚

/2𝑛 for n= 50, plotted against 
2

𝑛𝜏
𝑒
−(2𝑥−𝑛)2

2𝑛

(blue curve) 



What curve is this?

𝑛
𝑚

≈
2𝑛+1

𝑛𝜏
𝑒
−(2𝑚−𝑛)2

2𝑛

Take log of right-hand-side (to get number of digits)

Sum over 𝑚

Get highest term 𝑛2

So this should be called Pascal’s parabola!



Relationships to other combinatorial sequences
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Sums of ‘diagonals’ are Fibonacci numbers 

Middle element of row 2𝑛, divided by 𝑛 + 1 is 𝑛-th 
Catalan number. E.g. number of ways to join 2𝑛 points 
on the circumference of a circle with 𝑛 chords 



Harlan J. Brothers’ formula
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A relationship between Pascal and Euler’s number e appears 
to have first been discovered by Harlan J. Brothers in 2012.Let 
𝑠𝑛 = product of entries in row 𝑛 of triangle. Then

lim
𝑛→∞

𝑆𝑛−1𝑆𝑛+1

𝑆𝑛
2 = 𝑒.1

1

2

9

96

2500

162000

26471025

11014635520

11759522374656

𝑆7 × 𝑆9

𝑆8
2 =

26471025 × 11759522374656

11014635520 2 =
311286610767578342400

121322195638445670400
≈ 2.5658

32406091200000000

𝑆99 × 𝑆101

𝑆100
2 ≈ 2.7048.

Proof: a calculation shows 

that  
𝑆𝑛−1𝑆𝑛+1

𝑆𝑛
2 = 1 +

1

𝑛

𝑛

which in the limit is equal
to 𝑒.



Pascal and prime numbers I
Lucas’s Theorem 
If 𝑝 is a prime number and if 𝑚 ≤ 𝑛 are written in base 𝑝 thus: 

𝑚 = σ𝑖=0
𝑠 𝑚𝑖𝑝

𝑖 and 𝑛 = σ𝑗=0
𝑡 𝑛𝑗𝑝

𝑗 , 𝑠 ≤ 𝑡, then

𝑛
𝑚

≡
𝑛0
𝑚0

𝑛1
𝑚1

𝑛2
𝑚2

⋯
𝑛𝑡
𝑚𝑡

(mod 𝑝).

E.g.: 
24
11

= 2496144 ≡ 4 (mod 5).

24 = 4 × 50 + 4 × 51

11 = 1 × 50 + 2 × 51

and
4
1

×
4
2

= 24 ≡ 4 (mod 5).

Corollary: for prime 𝑝 we have,
2𝑝 − 1
𝑝 − 1

≡ 1 (mod 𝑝).

Indeed, 
𝑛
𝑚

≡
𝑝𝑛
𝑝𝑚 (mod 𝑝), since

multiplying by 𝑝 appends a zero digit to the 
base 𝑝 representation of any number. 
Now set 𝑛 = 2,𝑚 = 1 for

2 =
2
1

≡
2𝑝
𝑝

= 2
2𝑝 − 1
𝑝 − 1

(mod 𝑝).



Pascal and prime numbers II

Wolstenholme’s Theorem If p ≥ 5 is prime, then
2𝑝 − 1
𝑝 − 1

≡ 1 (mod 𝑝3).

More generally, for prime p ≥ 5, and positive integers 𝑛,𝑚,
𝑛
𝑚

≡
𝑝𝑛
𝑝𝑚 (mod 𝑝3)

E.g., 4 =
4
3

≡
5 × 4
5 × 3

= 15504 (mod 125)  (the blue boxed

entries). 
However, this is not in general true for mod 𝑝4, the two smallest
(and only known) so-called Wolstenholme primes being 16843 and 
2124679.

Open question: does there exist 
a composite 𝑛 for which

2𝑛 − 1
𝑛 − 1

≡ 1 (mod 𝑛3)?

If so n ≥ 109.



Singmaster’s conjecture
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David Singmaster conjectured in 1971 that there was an absolute constant 𝑁 such that no 
integer greater than 1 could appear in Pascal’s triangle more than 𝑁 times. He proved that
𝑘 ≥ 2 could appear at most 𝑂(log 𝑘) times and showed that 𝑁 = 8 was valid up to k = 248. 

An infinite class of entries which occur 6 times is given by the identity
𝐹𝑛𝐹𝑛+1 − 1
𝐹𝑛−1𝐹𝑛

=
𝐹𝑛𝐹𝑛+1

𝐹𝑛−1𝐹𝑛 − 1
.

E.g. 𝑛 ≥ 4 gives

𝐹4𝐹5 − 1
𝐹3𝐹4

=
14
6

=
𝐹4𝐹5

𝐹3𝐹4 − 1
=

15
5

= 3003.

Since
14
6

=
14
8

and 
15
5

=
15
10

, and 3003 appears twice in row 3003 this

gives 6 occurrences.

In fact it happens that 3003 occurs twice more, being the value of 
78
2

=
78
76

. 

The integer 3003 seems to be the only one occurring more than 6 times.

In 2021, Kaisa Matomäki, Maksym Radziwill, Xuancheng Shao, Terence Tao and Joni Teräväinen announced a proof of Singmaster’s
conjecture for the ‘interior’ of Pascal’s triangle.

More precisely they showed that the number of solutions to the equation
𝑛
𝑚

= 𝑡, 𝑡 ≥ 2, is bounded by an absolute constant 

provided this is true in the region

2 ≤ 𝑚 < exp log Τ2 3+ϵ𝑛 .



A014430: Pascal −1

1 2 3 4 5 6 …

0 0

1 0 0

2 0 1 0

3 0 2 2 0

4 0 3 5 3 0

5 0 4 9 9 4 0

6 0 5 14 19 14 5 0

⋮



Bisecting convex polygons

1

2 3

4

5

6 We find the straight line from each 
vertex to an opposite side which 
bisects the polygon area.

We take the vertices in anti-clockwise 
order and denote a bisecting edge from 
vertex u to edge vw by the ordered pair 
(u,v). So our example is

1, 4
2, 5
3, 5
4, 6
5, 1
6, 3



Pairs of bisecting lines

1

2 3

4

5

6

1, 4
2, 5
3, 5
4, 6
5, 1
6, 3

We want to take consecutive pairs 
of bisecting lines, forming a sector 
of the circle. 
We want to avoid sectors which 
properly contain a vertex.

So we want to take the lines in an 
ordering which avoids this



Ordering bisecting line pairs

1

2 3

4

5

6

1, 4
2, 5
3, 5
4, 6
5, 1
6, 3

Represent the lines as matrix entries. The 
matrix lives on a torus, so it wraps round 
horizontally and vertically.

Connect the entries in a cycle using the 
following rules
1. a column of 1s is joined vertically
2. a 1 with a vacant cell below is joined 

to the entry diagonally opposite the 
cell to its right.

The result is the ordering we want:

1

1

1

1

1

1

1, 4
5, 1
2, 5
3, 5
6, 3
4, 6



Enumerating cyclic bisecting line matrices

3 starting in cell 2 of row 1

5 starting in cell 3 of row 1

3 starting in cell 4 of row 1
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