| THEOREM OF THE DAY

A Theorem on Modular Fibonacci Periodicity Suppose thatF,)n-¢ is the sequence of Fibonacci num
bers defined by = 0,F; = 1and, forn> 2, F, = F_1 + F_». Let m be a positive integer and Iet@
(f)n=0 be the Fibonacci sequence taken modulo m, i.e. forylet f, = F,, (mod m). Then

1. the sequencd,) takes the value zero periodically, with period, saymyd

2. the sequendd,) itself is periodic with period, say;(m). Moreoverz(m) is even when ns 2.

n 0123456 7 8 91011 12 13 14 15 16 17 18 19 20 21
F, 01123581321 345589 144 233 377 610 987 1597 2584 4181 6765 10946
mea2[0 1 1]0 1 1[0 L ][0 L]0 1 |[o 1 |l o Il o
moa 4[0 112 3 lI_I:
mod 5|0 1 1 2 " 4 3 2

The values ofy, ..., F,, are tabulated above, with reduction by various moduli. Weeoke that, in the notation of the theored(®) = #(2) = 3 andd(4) = n(4) =
for m= 5, the values ofl andx differ: d(5) = 5, n(5) = 20. We will prove the curious fact tha{m) is always even, whem > 2. In fact, we will give two proofs: one
will reveal whythe phenomenon occurs; the other will be the proof ‘from thekx so delightfully concise and cunning that it givesthingaway!

Proof 1 (assumes existence dfm) andz(m)) Proof 2 (assumes existence ofm))

Observe that, if we pairfbentries over a complete period frofgto f,y), count- (11 ] - : . . .

ing inwards, the paired entries alternately sum to 0 (mdevens), and arne| Let Q = 1 0/ the so-called “Fibonacci matrix'. It is easy to confirm

equal (odds). E.g.fan=5we have o__ 1 2 18 19 20 " Firi  Fk 10 m)
5___{___1"____‘¥-__iﬂ_i____('] that Q¢ = Fo Fos | Then 1= det 01]° det(Q”m (mod m)) =

Now supposer(m) is odd, sayr(m) = 2k + 1. Then counting into the middle pf (detQ”(m)) (mod m) = (detQ)™™ (mod m) = (-1)"™ (mod m), which implies

the first period we will finish with a middle pairfy, fy,1, as shown below. thatz(m) is even orm = 1 or 2.

0 Bl Lk ke | 2t _zx+1 Now if k is even thenfy + f,1 = 0

T — T T , The periodicity of the ‘reduced’ Fibonacci sequence wasAkno
T s o (modm. Then = 0 Since bY | oorange in the 1780s and s divisibility properties weitalied by
But thenf,_; = 0 becausd,_; and f,,, form an odd p’air+ing. And ik is odd thenn Edouard Lucas in the 1870s. The modular periodicity of limeaur-
fc = fie1. But sincefi, = fi+ fics this means that, = 0. Now fi., mustbe O rences in general was systematically studied by Robert iCha®l

becauseii, andfi., are an even pairing and sum to 0 (Mgl Either way, We i the 1920s and Morgan Ward in the 1930s. This theorem, texista
have found a subsequenceX 0’ and we conclude that(m) = 1 ord(m) = 3 9 ' ’

This means thak; = 1 = 0 (modm) or F, = 2 = 0 (modm), respectively is due to Donald Dines Wall (1960) vyho also gave Prpof 1 above
Either way, the assumption thagm) is odd has implied than < 2. The book proof shown here (Proof 2) is due to David Singerman.

Web link: webspace.ship.eflusrenaulfibonaccifib.htm (contains another prodfrom the book’ of even periodicity).

- _ ‘ Further reading: The Golden Ratio and Fibonacci Numbeoy R.A Dunlap, World Scientific, 1998.
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