THEOREM OF THE DAY

let N(k) denote the multiplicity of k as a binomial coefficient; i.e. N(k) =

= (7))

Singmaster’s Binomial Multiplicity Bound (A Theorem under Construction!) For integer k > 1,
{(nrnez?:k

. Then

9|

N (k) = O(Iog k). 11235 8 13 21 34 55 89 144 233 ... the Fibonacci sequence; and entries 0 to 6 of rows 0 to 79,am8003, of
Pascal’s Triangle. The blue triangles highlight the rowstamingk = 3003.
TR S U N L L T T T | 1 1 1 1 1 1 1 1 1 1 1 1 1 1
12 8 4 5 6 7 8 9 100 u 12 13 14 15 16 17 18 19 20 21 2 23 24 25 2% 27 Proof of O(|og k) bound:
Each row of Pascal’s Triang|e appearsl 3" 6 10 15 2 287 3% 47 55 66 91 105 120 136 153 171 190 210 231 253 276 300 325 351 N(k) =no. of solutions of
here as a triangle; in fact the Complete rows A9 4 # ® s w0 s 2o zm 4 65 %0 w0 sl %o L0 W0 0 Wm 2¢ B0 X0 W5 k = (a;b) = (agb)’ 1<ab
. . 15 15 35 707 126 210 30 495 715 1001 [1365 1820 2380 3060  3\76 4845 5985 7315 8855 10626 12650 14950 17550 : . b\ :
would be rhomboids since they are symmetf- in Z. Since(?;’) increa-
. . 1 6 2 55 126 252 462 792 1287 | 2002 [3003 | 4368 6188 8563 11628 15504 20349 26334 33649 42504 53130 65780 80730 T p—
!Cal ab()Ut their Cen.tres.! the last row ShOWﬂ n 10 7 28 8 210 462 94 1716 | 3003 | 5005 | 8008 12376 18564 27132 36760 54264 74613 100047 134506 177100 230230 296010 any choice of, or b,
:cts entirety on the right is row 6 (counting Lol b b Lo A | admits at most one
rom O) 161520156 1. 28 29 30 a1 2 33 £ 3 37 38 39 % 2 3 " ?ew sglution valug
, or N(k). Now sup-
ObserVIng that, apart from 1, tHeth row a78 406 435 465 49 528 561 595 630 666 703 741 780 820 861 903 946 pose thats satisf-
Contains no numbers Smallel’ thkn |t iS 3276 3654 4060 2495 4960 5456 5984 6545 7140 7770 8436 9139 9880 10660 11480 12341 13244 14190 ies k < (25)_ then
apparent that every positive integemust 20475 23751 27405 31465 35960 40920 46376 52360 58905 66045 73815 62250 01390 101270 111930 123410 135751 148995 - a+l§ " -~
.. L 98280 118755 142506 169911 201376 237336 278256 324632 376992 435897 501042 575757 658008 749398 50668 062598 10BGOOB 1221750 = ( a) Imp
have finite multiplicity. So theN(k) of ies thata or b <
the th ) I-defined b but 376740 475020 593775 736281 906102 1107568 1344904 1623160 1947792 2324784 2760681 3262623 3838330 4496383 5245786  60U6454 7050052 8145060 h ot
e theorem IS a well-aetined numper; ou S, so the solut-
David Singmaster has conjectured the ulti- - 1 : ! ! L 1 i : ! 1 ! : ! i°<” ;g’(“gt%\_'éga
. _ H H _ 46 47 48 49 50 51 52 54 585 56 57 58 59 60 61 62 = -
mate. N(k) - O(l)’ I.e' there IS an ab 1035 1081 1128 1176 1225 1275 1326 1378 1431 1485 1540 1596 1653 1711 1770 1830 1891 the IeaSt SulCh
SOll-,lte constan€ such thatN(k) <C for 15180 16215 17206 18424 19600 20825 2100 23426 804 2623 27720 29260 0856 32500 34220 a0 37820 S ;E_Q%n z
all |ntegerSk > 1. To date,N(k) =6is 163185 178365 194580 211876 230300 249900 270725 292825 316251 341055 367200 395010 424270 455126 487635 521855 557845 S( s=1 )S k,
the Iargest value for which an infinite fam- 1370754 1533930 1712304 1906884 2118760 2349060 2598060 2860685 3162510 3478761 3619816 4187106 4562116 5006386 5461512 5049147 6471002 Ss é—[ill?(gli
||y of occurrences has been discovered: the 9366819 10737573 12271512 13983816 15890700 18009460 20356520 22957480 25827165 28989675 32468436 36288252  4DA7S358  4S057474 500630 55525372 61474519 a2n + 2(|O)gT(
Fibonacci numberg,, 1,1,2,3,5,8,13 ... | | | A A | | | J \ | | \ | \ . =0(K).
(which appear as sums of diagonals of Pas- & o 6 o o o o 70 n » 7 7 7 7 7 7 =
cal’s Triangle) Supply, for any eveam 1953 2016 2080 2145 2211 2278 2346 2415 2485 2556 2628 2701 2775 2850 2926 3003 3081
F.E ~1 3711 41664 43680 45760 47905 s0116 52304 54740 57155 59640 6219 64824 67525 70300 73150 76076 79079
( ntn+l ) 505665 635376 677040 720720 766480 814385 864501 016895 971635 1028790 1083430 1150626 1215450 1282075 1353275 (1426425 1502501
Fn-1Fn 7028847 7624512 8250883 8036928 0657648 10424128 11238513 12103014 13019909 13091544 15020334 16108764 17250390 18474840 10757815  [211140000 22537515
- - 67045521 74974363 82508830  O0BS76 00795696 100453344 119877472 131115085 143218090 156238908 170230452 185250786 201350550 218618940 237008780 |256851595| 277962685
Thus, forn = 4, 3003. In
addition to row 3003 it happens that 3003 has one furtherroesoe, givingN(3003)= 8 (four rows each with two occurrences), the largest knowuaeca L
CONSTRUCTION NOTES  1971: Singmaster proves N(K) = O(logk); checks N(K) <8 up to k=2?® (later k=2%). ° -
p L 4507503
1974: Harvey Abbott, Paul Erdoés and Denis Hanson prove N(K) = O(logk/loglogk). b o A
2004: Daniel M. Kane proves N(K) = O((logk)logloglogk/(log logk)?). e ocetes @ S
Via notes button
2007: Kane increases his denominator to (loglogk)3. 2028376124624850
1013511936937550050
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Web link: aperiodical.conf201301/open-season-singmasters-conjegture

‘ Further reading: Pascal’s Arithmetical Trianglby A.W.F. Edwards, Johns Hopkins University Press, 2002.
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