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The Erd6s Discrepancy ProblemLet C be a positive integel
and let(x)i>1 be an infinite sequence of values frgsil, 1).
Then there exist positive integersng for which the sum g+
Xod + ... + Xn-1)d + Xnd €XCeEds C in absolute value.

This theorem asserts that, given any infinite sequence, some homogeneous arithme
progression (i.e. with initial term equal to its commoffelience) will index a subsequencs
whose terms eventually sum #(C + 1). We say that theliscrepancyof the sequence
exceeds C. This is illustrated on the left {6r= 2: the sequence, arranged row by row
contains 1160 terms<* and ‘-’ denote 1 and-1, respectively). The sum of all the terms
is 2: this means that if the sequence were to continue witll ghen its first 1161 terms
would sum to+3. But now observe that the arithmetic progression with comutifference
d = 27 indexes terms summing #2: these terms are highlighted with colour-coded boxe
with the colour indicating the evolving sum. If the sequenaze extended with al then
the first 116127 = 43 terms of our arithmetic progression would index term&édequence
which summed te-3.

The evolution of subsequence summations indexed by anmragitb progression may be
tracked by the finite automaton shown above. Starting in &meral zero state we move left
for a—1 and right for a+1. A -1 in the left-most state, or-al in the right-most, will move
to the stop state, recording a discrepancy exceedihgThe behaviour of this automator
has an ingenious representation as an expression in ptiopasilogic: an assignment of
truth values to the variables of this expression which makewhole expression true (a
satisfying assignmentorresponds precisely to a fini#d sequence whose discrepancy dog
not exceed 2. The sequence on the left was produced in this way

Erdds’ discrepancy question dates from the early 1930s but nadepien-
dently raised by the number theorist Nikolai Chudakov in@.95 was an-
swered in the fiirmative for all positiveC by Terence Tao in 20183(= 1
was settled in 1993 by Adrian Mathias a@d= 2 by Boris Konev and Alexel
Lisitsa in 2014 using the logic-based analysis illustrdtere).

Web link: gilkalai.wordpress.cof@01510/22/edp-reflections-and-celebratign&rdés’
first published reference to his conjecture appears as éhol8 in 1957, no. 13at
renyi.hy~p_erdogerdos.html The +£1 sequence on the left is reproduced from Konev .
Lisitsa’s paperarxiv.orgabg1402.2184

Further reading: Combinatorics, Geometry and Probability: A Tribute to P&ntios Béla Bollobas and Andrew Thomason (eds.),

Cambridge University Press, paperback edition, 2004.
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