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Walking the bridges of New York City

Can you walk around
NYC in such a way as
to cross each bridge
exactly once before
returning to your point
of departure?

www.businessinsider.com/euler-cross-nyc-bridges-once-2014-1



Euler’s 1736 answer for Kdnigsberg

MONINGATIS HCA

KONIGSBERG

LORD MAYOR OF KONIGSBERG, I WILL
REWARD YOU HANDSOMELY IF YOU
CONSTRUCT THIS BRIDGE BEFORE

NO I TRED TO USE A TIME MACHNE TO CHEAT ON My ALGORITHMS
FINAL BY PREVENTING GRAPH THEORY FROM BEING INVENTED.

xkcd.com/2694/



In graph-theoretic terms |

Multiple edges: distinct edges having the same two endpoints:
Consecutive edges: e = xy and € = x'y" are consecutive if y = x’;
Walk: sequence of consecutive edges, the number of edges in the sequence being the length of the walk:
Connected graph: graph in which any two vertices have a walk joining them:

Closed walk: walk whose first and last vertices are identical:

Trail: walk with no repeated edges:

Closed trail: trail whose first and last vertices are identical:

Path: trail with no repeated vertices, except perhaps first and last, in which case we have:

Cycle: path whose first and last vertices are identical.

length walks trails paths
2 be, bd be, bd be, bd
3 bfe, acd, ade, acc, add. aee, bba, aaa bfe, acd, adc bfe
4 acfe, adfe, aefc, aefd, aabe, and 19 others |acfe. adfe, aefc, aefd| none




In graph-theoretic terms Il

Definition In a graph G an Euler tour 1s a closed trail containing every edge. A graph 1s called Eulerian
if 1t admits (1.e. *has’) an Euler tour.

Example: we give some Euler tours of the above graph:

(1) acdefb (2) bfedca
(which 15 (1) reversed)
(3) acfedb (4) cdefba

(which 1s (1) with the cycle def reversed) (which 1s (1) but ‘cycled round” to start at vertex y



The Euler-Hierholzer Theorem

Here is the example graph from the last lecture but with an extra edge o’ added:

It is not hard to see that an Euler tour is no longer possible: indeed. suppose there was a tour, S. say. We
can assume, without loss of generality® that S starts with edge a (if it starts with » and ends with a we
can just reverse the tour: and a and @’ are copies of the same edge). If S ends with &' then how can edge
b be included 1n the tour? If S ends with b then how can ¢’ be included? We conclude that the number
of edges at x 1s incompatible with an Euler tour.

The argument above that a vertex of degree 3 does not allow an Euler tour can be extended to a necessary
and sufficient condition:

The Euler-Hierholzer Theorem A graph G is Eulerian if and only if it is connected and every vertex of

G has evendegree.  (pyjer proved ‘if’ in 1736. Carl Hierholzer (1840 —1871) proved ‘only if’, algorithmically)



Proof of Euler — Hierholzer, only-if

Without loss of
generality
assume G is
our example
graph...

§ (r' X, ,
{L_:m o
1 O o
(| v
The approach of the proof has found: G2

a spanning tree 7 (edges a.d. e).

an edge leaving a leaf (edge b):

the fundamental cycle formed by b (that i1s C = adb). and

two components formed by deleting the edges of C' (component G, 1s a single vertex and has no
edges: G 1s the cvcle cef).



Easy corollary

A graph G has an Euler tour if and only if its edge set may be expressed as a union
of disjoint cycles of G.

If: each vertex v lies on a number of cycles each of which arrive at and leave v.

Therefore v has even degree.
Only if: write down the Euler tour. Each time it repeats a vertex a cycle has been

created.




Euler tours and a THEOREM OF THE DAY 0]

The Euler—Hierholzer “Bridges of Konigsberg” Theorem .4 conmected graph G has an Euler tour if .":i‘]
&

p ermu ta tl ons I and only if every vertex has even degree.

a=(12)58)

The problem of constructing an Fulsr towr can be paraphrazad as: draw round zll the edges of the sraph and retum to the bezinnme without
lifting vour pen and without drawins cver anv adze twice. Mlere formally, we seek 2 zequence of consscutive edze: which begine and ands at
the same vertex and traversas every edse exactly ence. Any solufion will necessarily use up pairs of anfriss and exifs to and from sach vertesx:

hancs the neceszity of even degraa.
A completed tour will partition the sdzes mnto disjoint eveles: sub-tours without rapeated vertices. Awy other tour can then be constructed by

Jumping from cvele to cvele. You can think of the circurte, taken separately or togather, 2z permutations of the vartices mvolved. Five hava been
suzgasted hare: v, /1, v, ¢ and £ An Euler tour beginning and anding at vertesx 1 will consist of a product of powars of theze permutations which

lezvas element 1 fixed. For inztance, the path
- : E T & a - B i
—1

152535651020 65850 8565805575855 5,
corresponds to the product of permutations oy’ @ o'y~ %' & o' & o which evaluates to (2 3 6)(3 4 8).
Puzzle: find an Euler tour of the above graph whoze product of permutations fixes all verticas, 1f such a tour exists.

Euler discovered his necessary condition (the “onlv if” part of the theorem) in 1736 as a solution to the famous “Bridges of
Kionigsberg” problem, foreshadowing thereby the study of topelogy and graph theery. It was proved sullicient in 1873 by Carl

Hierholzer,

Web link: plus maths org/content/bridses-k-nizshers. See vorw maz orgfprograms /maz-awards oriting-awards the-truth-about-kenizzberg for histori-

cal background.
Furt]:er reading: Graph Theory: 17346-1034 by Norman L. Biges, E. Keith Llovd and Eobm. J. Wilsen, Clarendon Prezs, 1986,

| . Craated by Robin Wity for worw theoremadtheday or




Euler tours and permutations li

Take an Euler tour disjoint cycle decomposition.

Orient each cycle arbitrarily.
Write the corresponding permutation of the vertices

of each cycle.

5

Now any Euler tour can be written in terms of products of
powers of permutations, the powers being the number of
edges used as a decomposition cycle is used.

For this example, suppose we take the Euler tour

1423543651621.
The resulting permutation products must give a permutation which fixes 1.

> a:=[[1,2,4]]:
b:=[[1,6,3,4,5]]:
c:=[[2,3,5,6]]:

> pprod([pow(a,—2) ,pow(c,2) ,pow(b,-3) ,powl(c,-1l) ,powi(b,2) ,powlc,l) ,powl(a,-1)]) ;
[[2.5]. [3.4]]



How to explore the space of permutation products
] THEOREM OF THE DAY i |

The BEST Theorem Let G = (V, E) be a directed graph in which, for each vertex v in V, the indegree ()
and outdegree have the same value, d(v), sav. Then G has a directed Euler tour: a closed walk which :
passes each edge exactly once; let £(G) denote the number of such tours. Then, for any fixed vertex x,

&G) =t ||, (d(¥) - 1)!
where ty denotes the number of those spanning trees of G in which every vertex has a directed path to x.




Counting spanning trees

The Matrix Tree Theorem Ler G be a a h with n vertices and let L(G) be the n X n matrix

We need the THEOREM OF THE DAY Q]
@

directed graph whogse entry in row i and column J is define
version of this. —(the number of edges joining vertex i to vertex j) if i # j. and
the number of edges incident with vertex i ifi=j
Moreover by Then the number of spanning trees of G is given by det L(G)(1|1), where L(G)(1|1) is the matrix obtained
rep lacin g the by deleting the 1st row and 1st column of L(G). .

Fle Edk Yiew [nsert Format Tools Data Window Help

H ; ) An Application

edge entries by B-ZHa Z RSR D] K Rl | setwvie is e

. . eraph on the lefi? e

indeterminates b ania v|io % B J U = |coud meprer i

to mean, zav, what i=

. i . ¥ the probabiliny  that

the determinant POETERM fio R o [HETERMCA £6) elsine o sdge

A B C D E F G ar random from the

value becomes a T ——— | sl o e a8 il

2 zill leave a comnected

. . eraph” Femoving tao

multi-variate 3 2 1 1 o edgss gives (1) = 10

. 4 -1 4 -2 -1 subgraph: onm  three

polynomial s A 2 3 oty sbersphs e s

h t & 0 -1 0 comnzctad are the fve

WNOSE 1Lerms A d-vertex, 5-edge praph 1z shown above left. Its spanning trees, shown ; ;:::i:?:'f i

in the centre, are those connected subsets of edges which are mcident L e T N

corres po n d to with all 3 vertices and which contain no cyelic Pﬂt]:l* They necessanly 9 =MDETERMI(L4:Ex)

. . have 4 — 1 = 3 edges. Notice that these spanning trees are distinct as =
N d VI d ua I labelled ohbjects: there are only two “strocturally” different trees. -

. The deferminant function, det, yvields a zingle figure from a square matnx or table. It 15 available in standard spreadsheet applications as the *~MDETERM' function.
S pa NNl ng t rees. As shown here 1n the OpenOflice Cale package, the calculation will produce the answer 5, since there are exactly 5 spanning trees for the given graph. In fact, any
row of L{), not just the first, and any column, may be deleted in the statement of the theorem without changing the abzolute value of the result.



Our earlier example oriented graph

1
> n:=6: u:=[1,2,1,6,2,3,2,4,3,4,3,5,4,1,4,5,5,1,5,6,6,2,6,3]:
g:=fuickDiGraph (u,n) :
e:=CutEdgeSets (g) :
evalmig) ,print (e) ; 6
[(2.6] [3.4] [45] [L5] [L6] [23]] 2
(01000 1]
001100
ooo0110
100010 5
100001 Zl
_D 11000 .
=} t:=Trees{u,n) ;
ri=[[23][3. 4] [4. 1] [5. 1] [6.2]] [[2. 3] [3. 4L [4. 1] [5. 1] [6,3]]. [[2.3]. [3.4]. [4. 1], [5.6]. [6. 2]]. [[2.3]. [3.4). [4. 1] [5. 6. [6.3]]. [[2.3]. [3. 4L [4. 5] [5. 1],
[6.2]) [[2.3L [3. 4L [4 5L [5 1L [63]L[[2. 3L [3. 5[4 1L [S. 1L [6. 2] [[2 3] [3.5) [4 1) [5. 1) [6. 3] [[2. 3] [3. 5L [4 5[5 1 [6. 2] [[2.3]. [3.5]. [4.5]).
[5. 1L [63]L[[2.4) [3.4) [4 1L [S 1) [6. 2] [[2. 4 [3.4) [4. 1] [S. 1] [6. 3] [[2.4) [3. 4] [+ 1) [5.6]. [6. 2] [[2.4]. [3.4]. [4. 1] [5.6]. [6.3]]. [[2.4]. [3.4].
[4. 5] [5 1L [6.2]] [[2.4] [3. 4] [4 5L [5. 1L [63]) [[2.4) [3. 5 [4. 1L [5. 1) [6. 2]L [[2. 4L [3. 5] [4. 1] [S. 1) [6.3]] [[2. 4] [3. 5] [4. 1. [5. 6], [6,2]]. [[2. 4],
[3.51 [ 5L [5. 1] [6.2]] [[2.4]. [3.5]. [4. 5. [5. 1]. [6.3]]

S Tours produced
) [[2.3].[3.4]. [4 1] [5. 1. [6.2]] according to the
> tours:=TourSet (g,t[1l],n); [

tours = [[[2.6], [4,3]. [5.4]. [5.1]. [6.1]. [3.2]]. [[6.2]. [4.3]. [5.4]. [5. 1]. [6.1]. [3.2]]] (algorithm underlying
= . the) BEST Theorem

> ET:=ListTourEdges (tours[1l] ,n) ;

ET:= [[1.2].[2.4].[45).[56L.[6.31.[3.5L.[5 1. [L6L.[6.2].[23].[34].[41]]
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