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Walking the bridges of New York City

Can you walk around 
NYC in such a way as 
to cross each bridge 
exactly once before 
returning to your point 
of departure?



xkcd.com/2694/

Euler’s 1736 answer for Königsberg

NO



In graph-theoretic terms I



In graph-theoretic terms II



(Euler proved ‘if’ in 1736. Carl Hierholzer (1840 –1871) proved ‘only if’, algorithmically)



Proof of Euler – Hierholzer, only-if

Without loss of 
generality 
assume G is 
our example 
graph…



Easy corollary

A graph G has an Euler tour if and only if its edge set may be expressed as a union 
of disjoint cycles of G.

If: each vertex v lies on a number of cycles each of which arrive at and leave v. 
Therefore v has even degree.
Only if: write down the Euler tour. Each time it repeats a vertex a cycle has been 
created. 



Euler tours and 
permutations I



Take an Euler tour disjoint cycle decomposition.
Orient each cycle arbitrarily.
Write the corresponding permutation of the vertices 
of each cycle. 

Euler tours and permutations II

Now any Euler tour can be written in terms of products of 
powers of permutations, the powers being the number of 
edges used as a decomposition cycle is used.

For this example, suppose we take the Euler tour
1 4 2 3 5 4 3 6 5 1 6 2 1.

The resulting permutation products must give a permutation which fixes 1.
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How to explore the space of permutation products



Counting spanning trees

We need the 
directed graph 
version of this. 
Moreover by 
replacing the 
edge entries by 
indeterminates 
the determinant 
value becomes a 
multi-variate 
polynomial 
whose terms 
correspond to 
individual 
spanning trees.



Our earlier example oriented graph

Tours produced 
according to the 
(algorithm underlying 
the) BEST Theorem
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