THEOREM OF THE DAY

The Euler—Hierholzer “Bridges of K dnigsberg” Theorem A connected graph G has an Euler tour if
and only if every vertex has even degree.

a=(12)(58)

B=(1654)

5=(578)

The problem of constructing aguler tourcan be paraphrased as: draw round all the edges of the grdpietann to the beginning without
lifting your pen and without drawing over any edge twice. Eldormally, we seek a sequence of consecutive edges whichsoagd ends at
the same vertex and traverses every edge exactly once. Autjosowill necessarily use up pairs of entries and exitsrid tom each vertex:
hence the necessity of even degree.

A completed tour will partition the edges into disjoint ags! sub-tours without repeated vertices. Any other tourtban be constructed by
jumping from cycle to cycle. You can think of the circuitskéa separately or together, as permutations of the veitiget/ed. Five have been
suggested herex, 8, v, § ande. An Euler tour beginning and ending at vertex 1 will consist product of powers of these permutations which
leaves element 1 fixed. For instance, the path

04 -1 al -1 -1 & & al @
152%3%65 15256555 8565855575855 54 51

corresponds to the product of permutatiands a1y 1861?1522 which evaluates to (2 5 6)(3 4 8).
Puzzle: find an Euler tour of the above graph whose product of pernamsfixes all vertices, if such a tour exists.

Euler discovered his necessary condition (the ‘only if'tperthe theorem) in 1736 as a solution to the famous “Briddes o
Konigsberg” problem, foreshadowing thereby the study oblimgy and graph theory. It was provediscient in 1873 by Carl
Hierholzer.

Web link: plus.maths.orgontentbridges-k-nigsbergSeewww.maa.orgprogramgmaa-awardsvriting-awardgthe-truth-about-konigsbefgr histori-

cal background.

Further reading: Graph Theory: 1736—-193By Norman L. Biggs, E. Keith Lloyd and Robin. J. Wilson, Claden Press, 1986.
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