| THEOREM OF THE DAY

The Hanani—Tutte Theorem A graph is planar if and only if it has a drawing in which all pairs of E
vertex-digoint edges cross an even number of times.
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A planar graph is one which has a drawing in the plane with eeige crossings, so the ‘only if’ part of this theorem is cléacan be proved that
any drawing ofKs or K3z must contain a pair of vertex-disjoint edges which cross @ mumber of times: we will call this an ‘odd independent
- edge pair’. Moreover, this property is preserved if someesdiye subdivided to become paths, and if additional edgesdaled. So by Kuratowski’s
K theorem, any drawing of a nonplanar graph contains an odgpartient edge pair: the (contrapositive of the) ‘if’ parthaf theorem.
A remarkable corollary of this theorem is an algebraic tespfanarity. Some notation: suppdSds a drawing ofG and that we denote hy(e, f)
the number of times, reduced modulo 2, that edgasd f cross inD. The theorem’s conclusion then says that, for some drairfgr all vertex-
disjoint edges and f we haveip(e, f) = 0. Now in drawingD, for a vertexv and edgee, define an ‘¢, v)-move’ to be a smooth deformation ef
which passes across vertekut no other vertices. The prototypical form of such a defatian is shown in the above figure: a thirffghoot’ of the
edge which reaches just beyond the vertex. Its crudliateis to add one, modulo 2, ig(e, f) if and only if edgef is incident withv. You can check
this in the above examples: move &), for example, increases the number of crossingswith g (incident witha) from 2 to 5 (change of parity).
Ks, The number of crossings dfwith f (non-incident witha) changes from 0 to 2 (no change of parity). Our algebra wiltlbee with variables,

' which take binary (mod 2) values. We will ugg, = 1 to mean we apply are(v)-move andx., = 0 to mean we do not apply the move.
Now give each edge @ an arbitrary orientation, so that any edgjeas a ‘tail'’e” and a hea@*. Then for edges and f, observe that the equality

in(& ) + Xet- + Xef+ + Xie + Xier = ip(€ ), Q)

holds, for any choice of values of the variables, whBrds the drawing which results from the chosen moves. In oumgie, above, orienting edges generally
left-to-right and top-to-bottom, we have for inStanggy- + Xeg+ + Xge + Xger = Xea + Xes + Xgp + X5, =0+ 0+ 0+ 1, soip(e,0) =ip(eg)+1=1+1=0.
And we have our algebraic planarity test: start with an dadmdrawingD of G; write equation (1) for every pair of independent edges) thés planar if and only the
system of equations, all set equal to zero, have a solutiatuio@.

The theorem is named after Haim Hanani (1934) and Bill Tut8¥ Q) who rediscovered it and invented the algebraic gpttin

_ _ ‘ Web link: www.emis.dgournalgJGAA/issues-20.htmithe paper (vol. 17, no. 4) by Marcus Schaefer.
Further reading: A Coursein Topological Combinatorics by Mark de Longueville, Springer, 2012¢reated by Robin Whitty forww.theoremoftheday. Or
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