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Solutions to Question set for Chapter 9

1. The aim is to count colourings for the gra@tshown below right.

(a) Explain briefly why the number of-colourings ofG is zero when
A=1lor?2.

(b) State the number of 3-colourings Gf consideringG as a labelled
graph, giving a combinatorial explanation for your answer.

(c) State the number of 4-colourings Gf consideringG as a labelled
graph, giving a combinatorial explanation for your answer. a b

(d) Use deletion and contraction to compute the chromatiyonial of G. Your first
two choices of edges to use shouldabandb, in that order.

(e) Use the polynomial from part (d) to
(i) confirm your answers to parts (a)—(c); (ii) calculas; 5) andC(G; 6).

SOLUTION:

(a) We cannot colou® with 1 colour because there is at least one edge which reqjuire
a different colour for each endpoint; we cannot use two colourauserthere is a
triangle in the graph which requires three colours.

(b) The number of 3-colourings is 12. It is convenient to labe vertices ofc
for reference, as shown on the right, say. Suppose we cobrtex/1 red;
then vertex 2 can be blue or green; for either choice, vertexus8t be the
remaining colour and then vertex 4 must be the same as verfeki8 can
be repeated with vertex 1 blue or green instead. So therea2\8ays to
colour vertices 1 to 4. Finally, for each of these, there a@ ¢hoices for
vertex 5 which can be either colour not used for vertices 34an8o that
gives 3x 2 x 2 = 12 colourings in total.

(c) The number of 4-colourings is 120. Using the above la&dellersion ofG again:
label 1 has 4 choices, leaving 3 for vertex 2 and then 2 foexe3t So there are
4 x 3 x 2 ways to colour vertices 1 to 3.
Now we two choices: (1) vertex 4 is the same colour as vertéx ®hich case 3
colours remain for vertex 5; and (2) vertex 4 isterent from vertex 3, in which
case only 2 colours remain for vertex 5.

So the grand total of colourings from (1) and (2) is3x2x1x3+4x3x2x1x2 =
4x3x2(2+3)=5!=120.
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(d) The calculation 0€(G; 1) is best done as shown in the following diagram:

G

(D) 70N
G =G\a G,=G/a
7 b
K,:C(K,:2)=2A-1(A=2)(A-3)
(2) Y4 \
G, =G\b G, =G, /b

@)

4 "

(3) G, +c @ GJ/C

K, :C(K;: ) =A(A-D(A=2)

Step (1): we hav€(G; 1) = C(Gy; 1) — C(Gy; ).

Step (2): we hav€(Gy; 1) = C(G3; 1) — C(Ggy; ).

Step (3): we have(Gy; 1) = C(G4 + ¢; ) + C(G4/c) (note the change of sign,
using deletiofcontraction tancrease the number of edges).

Let f = C(Gy; 2). ThenC(Ggs; A) = AC(Gy; A) = AT (product of chromatic polyno-
mials of two components).

G4 + ¢ = K4 andG4/c = K (ignoring multiple edges). So from Step (3):

f = A1-1)(1-2)(1=3)+A(1-1)(1-2) = A(1-1)(1-2)(1+1-3) = A(A-1)(1-2).

Now from Step (2)C(Gy; 2) = Af — f = (1= 1)f = 2(1 - 1)?(1 - 2)%
Finally, from Step (1) and the fact th@{G,; 1) = C(K4; 1) = A(1—1)(1—2)(1-3):

C(G; 1) (A -1 —C(Ky4; Q)
= A1-171-2P%-21 -1 -2)1-3)
= A1-1)A-2)((1-1)1-2)-(1-3)
= A -1)1 - 2)(1* - 42 +5).
(e) (i) C(G; 1) is immediately seen to be zero for 3.

Fora =3 we haveC(G;3)=3x2x 1x(9-12+5)=12.

And C(G; 4) = 4x3x2x(16-16+5) = 5! (ii) C(G; 5) = 5x4x3%x(25-20+5) = 600.

And C(G;6) =6x5x4x (36— 24+ 5) =204Q



2. LetG be a simple planar graph. Take a plane drawinG.oBuppose it has, sayfaces.
Now do the following:

Step I: Number the faces @& using Q.. .., k-1, for somek, in such a way that no edge
belongs to two faces numbered the same. See the example Wétde the ‘outside’
face is numbered 3: the ‘3’ is repeated several times bugil zne face.

Step II: Put an arrow on each edge so that if you follow the arrow thgeldiace number
lies on your left.

Step Ill: Give each edge a weight which is thefdrence of its two face numbers.
Amazingly, you have what is called flow: at every vertex the sum of the weights
flowing in to the vertex= the sum of the weights flowingut of the vertex!

(a) Repeat Steps |-l for the graph at A.

(b) Reverse the Steps I-lll for the graph at B: give the oet$mte the number zero
and use the flow to determine the other face numbers, one by one

(c) Prove that Steps I-lll always give a flow. This is trickibut an informal proof
will do. It is part of some theory which says, among other gisinthat the Four-
Colour Theorem (se&heorem of the Dayis equivalent to saying every planar
graph, provided it has no edge whose deletion disconneetg#ph, can be given
edge directions and a flow using the edge values 1, 2 and 3.

SOLUTION:

(&) We can find a numbering using.0., 3 as shown in | below. Steps Il and Il are
then fixed:

(b) In the images below we have numbered the outside face @hanmdnumbered 1
inside face 3- 0 = 3. This numbers two adjacent faces and thereafter the firmal tw

faces are fixed.

0 0
03 03
0 b 0
0 01 )
0 5 0
0 0
0 0
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(c) We must show that the net flof (v) — f(v) at any vertew is zero. /

Suppose d{) = k. Thenk faces of the graph meetatind these ar o e o
numbered, say,, C,, ..., C, as shown right, with the conditiontr  * e o —
C_1 # G # Ci,1, With the subscripts taken mdd(socy is adjacen ﬁS/ 2

to ¢_1 andcy,1 = C1). ° o S
Now we can calculate 2 €y .

~ vy \ Ci
f(v) — £7(v) = a1ba(C1 — C2) + @zb(C2 — C3) + ... + aby(ck — ¢a), ak
wherea; = +1 according ag; > ¢, or not; andb, = +1 according ag,; is
directed out of or intor. But now we observe that < ¢, if and only ife,; is
directed intov, so thata;b, = 1 for alli. So

ffVM-f (VV=ci—-C+C—-C+...+¢—C =0,
as required.
(Definitely harder than you will see in the exam, but | hope tha reason it works
was discoverable even if the formal explanation might neehzeen!)



