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Question set for Chapter 2

1. This question studies derangements using the genaeaision of Inclusion-Exclusion:
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(b) Use your answer to (a) to find an approximate count of theber of primes less
than 100 (see the example in Week 2 lecture notes).

(c) Now for derangements: suppoBedenotes #permutations ofij[which do not
movei.

(i) Give an expression infor |Aj.
(i) Given an expression infor|A; N Ay|.
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(i) Given an expression in and|X| for , WhereX C [n].

(d) Apply Inclusion-Exclusion (equation 1) to get an exjgiea for the number of per-

mutations of fi] which fix at least one element afi], (See the count of surjections
in Week 2 lecture notes).

(e) Use (d) to show that the proportion of permutationsnpttiat are derangements
approacheg™ = 0.367879... asn — co. (Hint: use the series expansieh =
2 X3
1+X+E+§+...).

2. We will use the Pigeon Hole Principle to show that a cerfairction is not 1- 1 and
this will prove:

Lemma (Sved-\azsonyi)} Suppose we have a sequence of integgra, . . ., an,
(not necessarily distinct). Then there is some consecsitibsequenca, a1, - . - , ;s
with the sum of its entries being divisible loy

(&) Check this is true for the sequencedl?2, 3, 3, -1, 4 (withn = 7).

(b) For the sequenca, ay, ..., a,, define the functiorf : [n] — {0,1,...,n -1} by
flm=a,+...+aymodn.
(i) Show thatf is not 1— 1 on the sequence in part (a).

(i) Looking back to part (a), what do you notice about theues ofm which are
mapped byf to the same remainders?

(i) Prove that, iff does not map any value to zero then it cannot bl XPigeon
Hole Principle!)

(c) You should now be able to write out a complete proof of tieenima (tricky but
good practice!)

1The great Paul Erd6s apparently attributed this lemma tdréw Vazsonyi and Marta Sved. Sved wrote
an interesting ‘novel’ Journey into Geometries, MAA, 1997) in which she explains non-Euclidean geome-

try in the form of a follow-up to Lewis Carroll'Alice in Wonderland; you can read about Vazsonyi here
en.wikipedia.orgviki/Andrew.Vazsonyi
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