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Solutions for Question set for Chapter 3

1. We will solve the recurrence relation

an = 3an−2 + 2an−3 − 4n, n ≥ 3 (1)

initial conditions:a0 = 1, a1 = 6, a2 = 12. (2)

(a) Calculate the values ofa3, a4 anda5.

(b) Suppose the sequencebn = pn + q solves the recurrence (1). Find the values ofp
andq.

(c) Derive the characteristic equation for the homogeneousequation

an − 3an−2 − 2an−3 = 0. (3)

(d) Find solutionsr1, r2 andr3 for the characteristic equation in part (c) to identify a
sequence

hn = αrn
1 + βnrn

2 + γr
n
3

which solves the homogeneous equation (3).

(e) Use the initial conditions (2) to find values ofα, β andγ such thathn+bn solves (1)
and (2). Hence write a final solutionan = hn + bn.

(f) Confirm your solution in part (e) against the values you calculated in part (a).

SOLUTION:

(a) We have

a3 = 3a1 + 2a0 − 4× 3 = 3× 6+ 2× 1− 12= 8;

a4 = 3a2 + 2a1 − 4× 4 = 3× 12+ 2× 6− 16= 32;

a5 = 3a3 + 2a2 − 4× 5 = 3× 8+ 2× 12− 20= 28.

(b) Substituting forbn in (1):

pn + q = 3
(

p(n − 2)+ q
)

+ 2
(

p(n − 3)+ q
)

− 4n

so 0 = −pn + 3pn + 2pn − 4n

−q − 6p + 3q − 6p + 2q

equate coefficients: 0 = 4p − 4⇒ p = 1

and 0 = −12p + 4q⇒ 0 = −12+ 4q⇒ q = 3.

So p = 1, q = 3 andbn = n + 3.

(c) The characteristic equation for the homogeneous equation an − 3an−2 − 2an−3 = 0
is

r3 − 3r − 2 = 0

(Assume solutionan = rn; thenrn − 3rn−2 − 2rn−3
= 0.

Now divide through byrn−2.)
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(d) The characteristic equation factorises as (r + 1)2(r − 2) = 0

(Factor Theorem: (−1)3 − 3(−1)− 2 = 0 and 23 − 3(2)− 2 = 0).

So taker1 = r2 = −1 andr3 = 2.

And hn = α(−1)n + βn(−1)n + γ2n.

(e) Evaluatingh0 + b0, h1 + b1 andh2 + b2 and equating toa0 = 1, a1 = 6 anda2 = 12:

n = 0 : α(−1)0 + β × 0× (−1)0 + γ20
+ 3 = 1⇒ α + γ = −2 (4)

n = 1 : α(−1)1 + β × 1× (−1)1 + γ21
+ 4 = 6⇒ −α − β + 2γ = 2 (5)

n = 2 : α(−1)2 + β × 2× (−1)2 + γ22
+ 5 = 12⇒ α + 2β + 4γ = 7(6)

Now

(4)+ (5) : −β + 3γ = 0 (7)

(5)+ (6) : β + 6γ = 9 (8)

(7)+ (8) : 9γ = 9. (9)

Soγ = 1, givingβ = 3 and finallyα = −3.

So our solution to (1) is

an = −3(−1)n + 3n(−1)n + 2n
+ n + 3

= 3(n − 1)(−1)n + 2n
+ n + 3.

(f) Calculating forn = 3, 4, 5:

a3 = 3(3− 1)(−1)3 + 23
+ 3+ 3 = 8;

a4 = 3(4− 1)(−1)4 + 24
+ 4+ 3 = 32;

a5 = 3(5− 1)(−1)5 + 25
+ 5+ 3 = 28.

2. LetDn, n ≥ 1, denote the number of derangements of [n] = {1, 2, . . . , n}. We will derive
and solve a recurrence relation forDn.

(a) Letδ be a derangement having the property thatδmaps somek , 1 to 1.

(i) If there areDs possible derangementsδ which also map 1 back tok, then what
is the value ofs?

(ii) Supposeδ doesnot map 1 back tok. If there areDt possible derangementsδ
in this case, find the value oft (Hint: suppose 1 isinitially mapped tok; how
many derangements would then rearrange the result to avoid this?)

(iii) Use parts (i) and (ii) to writeDn as a recurrence relation in terms ofDs and
Dt. You will need to factor in the number of possible choices fork.

(b) Prove thatDn = n!
n
∑

k=0

(−1)k

k!
by showing that this solves the recurrence you found

in part (a).

SOLUTION:

(a) Suppose for simplicity thatk = 2. Thenδ in (i) looks like:
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(i) There aren − 2 numbers to rearrange as a derangement of 3, . . . , n. There are
Dn−2 ways to do this, sos = n − 2.

(ii) Suppose we have the same picture as before but we mustavoid mapping 1 to
2. We can achieve this by first applying the permutation whichonly swaps 1
and 2, leaving everything else fixed, and following this witha new derange-
ment applied to everything except 1:

This can be any derangement applying ton − 1 objects, so the number of
possibleδ in this case isDn−1, sot = n − 1.

(iii) Now Dn moves 1 to some choice ofk and then we are either in case (i) or
case (ii). So for a givenk (by the Summation Principle) we haveDn−2 + Dn−1

derangements.
But there aren − 1 choices fork so (by the Product Principle) there are (n −
1)(Dn−2 + Dn−1) derangements in total:

Dn = (n − 1)(Dn−2 + Dn−1) , n ≥ 2,D0 = 1.

(b) We substitute usingDn = n!
n
∑

k=0

(−1)k

k!
into the right-hand side of our recurrence

and show that it produces the formula forDn:

(n − 1)















(n − 2)!
n−2
∑

k=0

(−1)k

k!
+ (n − 1)!

n−1
∑

k=0

(−1)k

k!















= (n − 1)















(n − 2)!
n−2
∑

k=0

(−1)k

k!
(

1+ (n − 1)
)

+ (n − 1)!
(−1)n−1

(n − 1)!















= (n − 1)!
n−2
∑

k=0

(−1)kn
k!

+ (n − 1)(−1)n−1

= n!
n−2
∑

k=0

(−1)k

k!
+ n(−1)n−1 − (−1)n−1

= n!
n−2
∑

k=0

(−1)k

k!
+

n!
(n − 1)!

(−1)n−1
+ (−1)n

= n!
n−2
∑

k=0

(−1)k

k!
+

n!
(n − 1)!

(−1)n−1
+

n!
n!

(−1)n

= n!
n
∑

k=0

(−1)k

k!
.
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