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Solutions for Question set for Chapter 3

1. We will solve the recurrence relation

a, =3a,.2+2a,3—4n,n>3 Q)
initial conditions:ag =1, a; = 6, a, = 12 (2)

(a) Calculate the values a§, a; andas.

(b) Suppose the sequenge= pn + q solves the recurrence (1). Find the valuegpof
andag.

(c) Derive the characteristic equation for the homogenegusition
8 — 32— 28, 3=0. 3)

(d) Find solutiong, r, andr; for the characteristic equation in part (c) to identify a
sequence
hn = ar] + Bnrj + yry

which solves the homogeneous equation (3).

(e) Use the initial conditions (2) to find valuesafg andy such thah, + b, solves (1)
and (2). Hence write a final solutiay = hy, + b,,.

(H Confirm your solution in part (e) against the values yolecakated in part (a).
SOLUTION:

(a) We have
a3 = 3 +280-4x3=3x6+2%x1-12=28;
ay 3a,+2a,-4%x4=3x12+2x6-16=32;
ag 3az+2a, —4x5=3x8+2x12-20=28

(b) Substituting fot, in (1):
pn+qg = 3(p(n-2)+0q)+2(p(n-3)+0q)-4n
so0 = —pn+3pn+2pn-4n
-g-6p+3g-6p+ 29
equate coicients: 0 = 4p-4=p=1
and0 = -12p+49=>0=-12+49=>q9=3.

Sop=1g=3andb,=n+3.
(c) The characteristic equation for the homogeneous emuati— 3a, , — 2a, 3 = 0

is
rP-3r-2=0

(Assume solutiom, = r"; thenr" — 3r"2 - 2r"3 = Q.
Now divide through by"2.)
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(d) The characteristic equation factorisesras ()’(r — 2) =0
(Factor Theorem:«1)® —3(-1)-2=0and 2 -3(2)-2=0).
So taker; =r, = -1 andrg = 2.
And h, = a(-1)" + gn(=1)" + y2".

(e) Evaluatinghg + bg, hy + b; andh, + b, and equating tag = 1,a; = 6 anda, = 12:

n=0: a1 +8x0x(-1)°+y2+3=1=a+y=-2 (4)
n=1: a-1)'+8x1x(-1)1+y2'+4=6=-a-B+2y=2 (5
nN=2: a(-1P2+Bx2x(-1P2+7y22+5=12= a+ 28+ 4y =7(6)
Now
@+(5B): —B+3y=0 (7)
G)+®): p+6y=9 (8)
(MN+@®): Y=9 9)

Soy =1, givingg = 3 and finallya = -3.
So our solutionto (1) is
-3(-1)"+3n(-1)"+2"+n+3
3n-11)"+2"+n+3.
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(f) Calculating forn = 3,4,5:
33-1)(-1);°+22+3+3=8;
34-1)(-1)*+2*+4+3=32;
36-1)(-1)+2°+5+3=28
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2. LetD,, n> 1, denote the number of derangementspH {1, 2, ..., n}. We will derive
and solve a recurrence relation 1.
(a) Leto be a derangement having the property thataps somé& # 1 to 1.

(i) If there areDs possible derangemenisvhich also map 1 back tg then what
is the value ofs?

(i) Supposes doesnot map 1 back tk. If there areD, possible derangemenis
in this case, find the value ofHint: suppose 1 ignitially mapped tdk; how
many derangements would then rearrange the result to dvisi?) t

(i) Use parts (i) and (ii) to writeD, as a recurrence relation in terms@f and
D;. You will need to factor in the number of possible choiceskior

(-1)¢
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(b) Prove thaD, = n! Z m by showing that this solves the recurrence you found
k=0 ’
in part (a).
SOLUTION:
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(a) Suppose for simplicity th&t= 2. Then¢ in (i) looks like: X I :
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() There aren — 2 numbers to rearrange as a derangement.of . There are
D, ways to do this, s@=n - 2.

(i) Suppose we have the same picture as before but we amast mapping 1 to
2. We can achieve this by first applying the permutation wioidly swaps 1
and 2, leaving everything else fixed, and following this wathew derange-
ment applied to everything except 1:
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This can be any derangement applyingnte- 1 objects, so the number of
possibles in this case iD, 4, sot =n- 1.

(i) Now D, moves 1 to some choice &fand then we are either in case (i) or
case (ii). So for a givehk (by the Summation Principle) we haig_, + D,_1
derangements.

But there aren — 1 choices foik so (by the Product Principle) there are<
1) (D2 + D,_1) derangements in total:

D, = (n— 1)(Dn—2 + Dn_l),n >2,D0=1

(-1 )k

(b) We substitute usin®, = n! Z into the right-hand side of our recurrence

and show that it produces the formula foy:

2 n-1 (—l)k
(n-1)|(n- 2);‘g . . Z "
n:2 )

= (n- 1)((n 2)'2

k
= -y EU ey
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