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Solutions for question set for Chapter 6

1. We will use the method of generating functions to solvegrele 3 linear homogeneous
recurrence relation (which we could equally solve by thepi#®@a3 approach, but now
we get something extra: a closed form for the generatingtiomof the recurrence).

Let (a,)n=0 be defined by
8, = 82,1 — 21a, > + 183, 3, N> 3, p=-La=1a=4 (1)

(a) Use equation (1) to write down the generating functiqr) for the sequence
(an)n=0, U to the term inc®.

(b) Suppos€(x) is the generating function defined by
Ch = ay— 8ap-1 + 21an 5 — 18353 (2)

and thatC(x) can be expressed A$x)D(x) for some unknown generating function

D(X) = ) dhx.
k=0

(i) Write down an expression fay, as a sum of products of ttegs anddis (see
Week 6, Lecture 1 notes).

(i) By equating terms with (2), find the values df, k = 0,1,2, 3. Hence, by
applying your expression from part (i) for= 0, 1, 2, find the values of,, c;
andc,.

(i) Explain briefly whyc, = 0 forn > 2, andd, = 0 forn > 3.

(c) Use your answers from part (b) to exprégs) in closed form, as a ratio of two
polynomials: a ational function.

(d) Assuming your answer to part (c) is correct, the ratidnattion you found may
be expressed, via factorisation and partial fractionsredioa, as

~11 - 1
1-2x 3(1-3%2  3(1-3%

(You can check if you have time, by putting the above sum owemamon denom-
inator which you then expand out).

Use the binomial theorem to produce a closed formulaafpn > 0, and check
that this gives the same generating functi{r) as you wrote down in part (a).

SOLUTION:

(&) You should get

a3 = 8x4-21x1+18x-1=-7,;
as = 8x-7-21x4+18x1=-122;
as = 8x-122-21x-7+18x4=-757.

So we have

AX) = =1+ X+4° -7 - 122¢ - 757 — ...
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(b) (i) This comes directly from page 1 of the notes:
Ch = agOn + 9d_1 + ... + A_20> + a,_1d; + ando.
(i) Again, the procedure is just the same as in Chapter Gjset, using equa-
tion (2):
ap=a,dp, SO dg=1, = cy=ady=-1x1=-1;
-8a,.1 = ap1d;, Sso d; = -8, Ci=agti +aydp=-1x-8+1x1=09;
2la, 5 = 3,20, SO dy =21, Co = gy + a1dy + axdy
=-1x21+1x-8+4x1=-25;
-18a, 3 = a,.303, SO d3 =-18 = C3=apds+ a;d, + axd; + azdy
=-1x-18+1x21+4x-8+-7x1=0.

(but we knowcs = 0 — see below).
(i) ¢, =0forn > 2 because, = a, — 8a,_1 + 21a, , — 18a,_3 by (2) and this is
zero forn > 3 by (1).
And if we continue equating c@iécients as in part (ii) we getta, 3 = a,_3ds,
sod, = 0, etc.

I}

(c) SinceA(X)D(X) = C(X) = —1 + 9x — 25x%, andD(X) = 1 — 8x + 21x? — 18x3 (the
characteristic equation), we have

—1+ 9x — 25%?
1-8x+21x2—18x3"

(d) Now we are told that we can rewrite the answer to (c) as

A = -11 v, 3
S 1-2x 3(1-3x%2 3(1-3x)’

Applying the binomial theorem this gives:

A(X) =

[ee)

© 7S 37
kK k kK
—11;2 —5;(k+1)§<x +€st

k=0

- 7 — 7 7\ —
= —11) 2% - 2 3 kN + (—— + 3—) DS
k=0 3 k=0 3 3 k=0
= —11) 2% -7 K3+ 10) X
k=0 k=0 k=0
Which gives a closed formula for threth term:a,, = =11(2") + (30— 7n)3™1.

We check eacta,, n = 0,...,5,e.g.n =0 : a = —11(20) +(30-0)31 =
-11+10= -1, etc.

A(X)

2. There are two related parts, using exponential genegrétimctions to count quite dif-
ferent combinatorial objects:

(a) Firstly, we get an exponential generating function)émgfthe number of 2-partions
of [n], i.e. for the number$(n, 2), whereS(n, k) are the Stirling numbers of the
2nd kind (see Week 6, Lecture 3).

(i) Write down the closed form egf for nonempty subsetsnf [

(i) Use your answer to (i) to get the egf for 2-partitionsyiding [n] into two
non-empty subsets. Make sure that your modification also adjusts &ofatt
that 2-partitions are nairdered, so that{1, 3}, {2, 4, 5} and{2, 4,5}, {1, 3} are
the same 2-patrtition of [5].



(i) By expanding out brackets in your answer to part (indahen by writing out
the appropriate power series expansions, give a closedifarior S(n, 2).

(b) Now we get the egf for permutations which angolutions, i.e. whose squares
are the identity permutation. An example on [5] would hel23, 4, 5, since
swapping 1 and 2, and then swapping them again, takes us batle tstart:
1,2 3 4,5.

Involutions are easier to recognisedisjoint cycle notation in which the above

permutation would be written (1 2)(3)(4)(5) (or just (1 2we ignore cycles of
length 1). For instance, there are four involutions on [3]:

DE)B) (12)3) (13)(2) and (1)(23)

(i) Write down theten involutions on [4] in disjoint cycle notation.

(i) What is the egf for (trivially) arranging a set as a 1+akent set or a 2-element
set. (Hint: look at equation (3) in the Week 6, Lecture 3 nptes

(i) Fix N. What is the egf for partitioningy] into N subsets of sizes 1 or 2. Make
sure you adjust for the fact that the partitiorur®rdered (see part (a)(ii)).

(iv) Summing over alN, you should be able to write your answer to part (iii) as
a product of two exponential series. By expanding out endaghs of this
product, confirm that your egf correctly counts involutiams[4].

SOLUTION:

(@) (i) Thisis given in the Week 6, Lecture 3 lecture nots: 1.

(i) The Product Principle for egf’s gives the egf for a paotn into a ‘left nonempty
subset and a ‘right’ nonempty subset @&:— 1) x (e* — 1). But this will count
every 2-partition twice because each ‘left’ nonempty sulsk also appear
later as a ‘right’ nonempty subset and vice versa. So we muistedby two
to get our answer:

egf for #2-partitions= % (e - 1)2.
(i) Expanding out:

1 2 _ 1 X
SE-17 = E(e2 - 2¢* + 1)
1 2 3 2 3
= §(1+2x+22%+23%+...—2(1+x+%+%+...)+1)

(9]

L L X |

So then-th term gives uS(n, 2) = 21 -1, forn > 1.
(b) (i) The ten involutions on [4] are:

all cycles length 1.: 1
1 cycle length 2: 12 13 14) 23) (24) (34
2cycleslength2: (12)(34) (13)(24) (14)(23)

(i) Trivially arranging [n] as a 2-element set (given as equation (3) in the Week 6,
Lecture 3 notes) ig?/2! because only when = 2 is this possible. If we are
allowed a 1-element set as well then we get;—Z!.

(i) For fixed N,Nthe egf for partitioningif] into N subsets of sizes 1 or 2 will be
% (x+ 2_2|) , where we divide byN! because there afg! orders in which
our 1 and 2 cycles may reappear: (1)(2 3)(4), (2 3)(1)(4)142 3), etc.
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(iv) Summing ovelN, the egf for partitioning a set into subsets of size 1 or 2 is

2\N 2
i.(x X ) Z (x+ X /2) _ e

2R

o0
N=0

Writing /2 = & x /2 we get a product of two expansions:

X X x x X x8
/2 _ . _ _ —
ee’? = (1+x+2|+3|+4|+ )(1+2+22'2!+23.3!+...)
1 1), (1 1 1 1 1
= 1+X+(§+§)X +(2+§)X3+(222| E+E)X4+"'
2
= 1+x+2%+4§+10§+
as required.

If you look hard enough at this product of two power seriesit is possible to
spot a formula, although not in closed form, for the general term:

Ln/2] nl

an = el

 Ki(n - 2k!)2k

where | n/2] isthe largest integer not exceeding n/2. For example, for n = 3,

3! 3!
013120 1!.1!.21) =l+3=4

we have | 3/2] = 1 and the sum becomes(

3. Generating functions give a nice way to prove a truly icamisult, due to Leonhard

2 2k

1 1 1 Vs X
Euler: 1+ - + =+ — + ... = —. In other words, ifL(x) = —, then we want to
u +4+9+16+ 5 w ifL(X) kz_;kz we w.
7T2 )
provelL(1) = 5
: . 2t
(a) Use the standard power series expansion4njl= —t — 573 to show that

Z—In(1-1)

L(2) = f n

numberg lurking in the background here...)

(b) The integrand in (a) does not have an antiderivativen@usiementary functions).
So the integral is labelled a ‘special function’ and giveraae: thedilogarithm,
denoted by Li(z). So now we know thak(z) = Li,(2) and, in particularL(1) =
Li»(1). Euler had an identity involving these too:

dt. (We have switched fromto zbecause there are complex

Lis (__21) + Liy(—2) + Li(1) = —%(In 2>

Use this to express k1) in terms of In¢1).
(c) Use another Euler classi” + 1 = 0, to turn your answer to (b) into the identity

Lio(1) = —



SOLUTION:

(a) We have:
2t
-In(1-t) = t+§+§+...
—-In(1-1) t
— = 7 - 14-4 =
SO n +2+3+
Z—In(1-t z t t?
and f¥dt = f(l+—+—+...)dt
0 t 0 2 3
= t+ﬁ+ﬁ+ Z—z+§+§+
- 22 3 o 4
= L(2.

(b) Substitutingz= -1 in
Liz(_?l) + Liy(-2) + Lip(1) = —%(In 2)?

gives Lib(1) + Li(1) + Li(1) = —%(In ~1)%. So Lix(1) = —é( In(—1))2.
(c) Frome™ + 1 = 0 we can substituté” for —1 in the answer from (b) to get:

Li,(1) = —% (in(e7)) = —%(in)2 _ —% X —1x 7% = ”—62.

You can read more about thisparticular proof of Euler’sresult at Theorem of the Day.
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