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Question set for Chapter 8

1. A graph is calledHamiltonian if it has a spanning cycle, that is, a cycle that passes tiroug
every vertex exactly once; such a cycle is callétieanilton cycle. Consider the grap@ below,
right:

(&) Show by highlighting a suitable set of edges on a copy
of the image on the right, th& is Hamiltonian. X

G

(b) The faces of a planar Hamiltonian graph may be
coloured with four colours so that no adjacent face:
have the same colour. This is because the faxtesior
to a Hamilton cycle may be alternately coloured, say
red and blue, while the facezterior may be coloured
alternately, say, green and yellow. Using your answe
to part (a) give a four-colouring of the faces of graph

(c) Although G is planar, the addition of a single edge
may be enough to destroy this property. Use Kura
towski's Theorem to show that, if an edge is adding
joining the verticesx andy, the resulting graph is not
planar. Suggestion: mark two se#sandB, of three
vertices on a copy of the image on the right and high
light edges forming disjoint paths joining all vertices
of Ato all vertices ofB. Explain why this demonstrates
non-planarity.

2. A neat theorem due to Emanuel Grinberg gives a necessadjtiom for a planar grapfs to
be Hamiltonian. Assum& is Hamiltonian with a Hamilton cycl€ (as you found in part (a)
of question 1). Take a drawing @ in the plane and fok > 3 let f_ denote the number of
faces ofG in this drawing which ar&-gons (havind edges around the face) and anterior to
cycleC. Similarly, letf denote the number of faces@fwhich arek-gonsexterior to cycleC.
Then the following identity is satisfied:

D k=-2)(f - f) =0,
k>3

(a) Check that Grinberg’s theorem holds for the Hamiltonleyou found for grapltG in
question 1, part (a).

(b) Suppose that vertexis deleted from this graph. Use Grinberg’s theorem to shawttre
resulting graph is no longer HamiltoniafHINT: Grinberg’'s theorem remains true if the
terms of its summation are reduced modulo 3.]

(c) We will now use Euler’s theorem on planar graphs to proveligrg’s theorem. Lenh
denote the number of vertices@f For a Hamilton cyclé€ in a graphG, denote bye; the
number of edges d& in the interior toC. Denote byG: the subgraph (drawn in the plane)
consisting of these; edges together with the edges®@f Denote byf: the number of
faces ofG;. Then Euler's theorem says that- ez + f; = 2.

I. Write f_ in terms of thef_. Now (a bit harder) write in terms of thef_.

ii. Rearrange to show that, (k- 2)f  =n-2
iii. Repeat these two steps but wighand fZ replaced byef and f$, suitably defined.
iv. Conclude thatK - 2)f_ = (k- 2)f", which is Grinberg’s theorem.


http://www.theoremoftheday.org
http://www.theoremoftheday.org

