Combinatorics

Solutions to Question set for Chapter 8

1. A graph is calledHamiltonian if it has a spanning cycle, that is, a cycle that passes
through every vertex exactly once; such a cycle is calléthmilton cycle. Consider

the graphG below, right:

(&) Show by highlighting a suitable set of edges on a copy

(b)

(©)

of the image on the right, th& is Hamiltonian.

The faces of a planar Hamiltonian graph may be
coloured with four colours so that no adjacent face:
have the same colour. This is because the fatesior

to a Hamilton cycle may be alternately coloured, say
red and blue, while the facezterior may be coloured
alternately, say, green and yellow. Using your answe
to part (a) give a four-colouring of the faces of graph

Although G is planar, the addition of a single edge
may be enough to destroy this property. Use Kura
towski’'s Theorem to show that, if an edge is adding
joining the verticesx andy, the resulting graph is not
planar. Suggestion: mark two se#sandB, of three
vertices on a copy of the image on the right and high
light edges forming disjoint paths joining all vertices
of Ato all vertices ofB. Explain why this demonstrates
non-planarity.

SOLUTION

(a) The image on the right shows a Hamilton cycle, high:

lighted as red edges. There are other possible answel

(b) The image also shows a four-colouring derived fromn

the Hamilton cycle.

(c) The image below shows a subdivisionkf; embed-

ded in the grapi® with the additional edge (rotated so
it fits on the page). This means, by Kuratowski’s Theo-
rem, that the graph cannot be planar.
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2. A neat theorem due to Emanuel Grinberg gives a necessadytiom for a planar graph
G to be Hamiltonian. Assum@ is Hamiltonian with a Hamilton cycl€ (as you found
in part (a) of question 1). Take a drawing®fin the plane and fok > 3 let f_ denote
the number of faces @& in this drawing which ar&-gons (having edges around the
face) and arenterior to cycleC. Similarly, let f denote the number of faces Gf
which arek-gonsexterior to cycleC. Then the following identity is satisfied:

D k=2)(f - f) =0,

k>3

(@) Check that Grinberg’s theorem holds for the Hamiltoneyou found for graph
G in question 1, part (a).

(b) Suppose that vertexis deleted from this graph. Use Grinberg’s theorem to show
that the resulting graph is no longer HamiltoniafHINT: Grinberg’'s theorem
remainstrueif the terms of its summation are reduced modulo 3.]

(c) We will now use Euler’s theorem on planar graphs to provialé&rg’s theorem.
Let n denote the number of vertices Gf For a Hamilton cycleC in a graphG,
denote bye; the number of edges @ in the interior toC. Denote byG; the
subgraph (drawn in the plane) consisting of thgsedges together with the edges
of C. Denote byf: the number of faces db-. Then Euler’s theorem says that
n-e + fo =2

I. Write fZ in terms of thef_. Now (a bit harder) write; in terms of thef,.
ii. Rearrange to show that,.;(k-2)f  =n-2

iii. Repeat these two steps but wigh and f replaced bye; and fZ, suitably
defined.

iv. Conclude that - 2)f_ = (k- 2)f., which is Grinberg’s theorem.

SOLUTION:

(a) Nonzero interiok-gons for the indicated Hamilton cy-
cleCaref, =1, fo = 4. Nonzero exteriok-gons are
fy, =1 f& =2 f; =1 Sothe LHS of Grinberg’s the-
oremis (4-2)(1-1)+(5-2)(4-2)+(8-2)(0-1) = 0,
as required.

(b) If vertexxis deleted then the graph becomes as show
on the right. We have 4-gons, 5-gons and 8-gons, ¢ b
before, but no Hamilton cycle is now indicated. If a
Hamilton cycle exists then the LHS of Grinberg’s theo-
rem will be 2(f, - ;) +3(f; - ) +6(fg - f5"). For this
to be zero it must also be zero when reduced modulo <
So a Hamilton cycle exists only if 2{ — ) = 0. But

now there is only one 4-gon so this is impossible. ¢

(c) i. We can writef; = 1+ 3.5 f, since the faces db; are exactly the interior
faces ofC plus the single face which is the plane exterior to the gr&dth
k-gon interior toC contibutesk edges tae.. But each of these edges will be
counted twice since it belongs either to a neighbouring tade the cycleC.
The cycleC contributes to this double counting because the cycle is Hamil-
ton and includes every vertex 6t So we can write = (n+ i3 kfy) /2.



. Substituting into Euler’s theorem:

n-e.+f, = 2becomes

n—(n+2kfk‘)/2+l+2fk‘

k>3 k>3
n->k-2)f+2 = 4
Z(k—Z)fk‘ = n-2

The above calculation is the same if we defag to be the part oG exterior
to cycleC, with € being the number of edges lying on faces exterid &nd
f& being the number of these faces.

2

. Then we haveK - 2)f- =n-2 = (k- 2)f/, as required.



