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Chapter 9. Section 2

The chromatic polynomial

In the previous section we gave a combinatorial answer téoll@ving question:

Example How many ways are there to colour the labelled copy of thecled@, (1) 2
on the right, using

(@) 1 = 2 colours? (b0 = 3 colours?
We are now able to calculate a purely algebraic answer usegprem 2 from the G)

previous lecture.

Here is the analysis: we apply deletion anc

contraction to any edge. For both opera-

tions, we immediately get one of the special-

case graphs from the last lecture, for whick

we can just write down the value Qf(G; ). >
Now apply Theorem 2, equation (3):

4 AV
C(G; 1) C(P4; 4) — C(K3; 1)
= A1-1@F-211-1)A-2) G=Gle G,=Gle
= A1-1(A-17--2)

_ /l(/l—l)(/lz—3/l+3). K,:CK;; ) =A(A-D(A=-2)
and the answer works fany A:
A=2: C(Cy;2)=2(2-1)(4-6+3)=2;and
A =3: C(Cy4;3)=3(3-1)(9- 9+ 3) = 18; confirming our previous combinatorial analysis;
A=4: C(Cy;4)=4(4-1)(16- 12+ 3) = 84; going beyond it — as far as we like!
Advantage: we do not have to rely on our intuition, nor on our ability toit@rdown a com-
plicated argument in words!

Disadvantage: we produce unlimited numerical answers on auto-pilot, eathhaving to
think!

P C(P2) = 2(A-1)

Deletion and contraction are perfectly suited to proofsrgjuction on #edges, since bdie
andG/e have one fewer edges th@& Examples of easy properties G{G; 1) which can be
proved in this way are given in the following corollary to Tiiem 2, equation (3):

Corollary Let G be a simple graph with vertices andn edges. Then
1. C(G; 1) is a monic polynomial im (monic: codficient of highest powes 1) whose

codficients alternate in signr(— + — ...).
2. The degree of this polynomial (i.e. highest powenpis equal ton.
3. The cofficient of A" is -m.
4. The lowest power ol is equal to the number of connected component.of

SoC(G; 1), if A is taken to be a variable, is a polynomial! It can be evaluatedny real,
or even complex, value of, although only the nonnegative integers can be interpreted
terms of numbers of colourings &. This polynomial is called thehromatic polynomial

of G and was originally introduced, almost exactly one hundredry ago, in the hope of
proving the Four Colour Theorem. Because the Four Coloupiim just says thaE(G; 1)
does not have a root at = 4 for any planar graplc. Roots of polynomials have been
studied for many hundreds of years — surely all this theonytimbrought to bear on the Four
Colour Theorem? In the end the answer is perhaps no, formeagich have emerged from
mathematical physics in the last 20 years. You can discoeee @&tTheorem of the Day
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