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Chapter 6. Section 2

An Example Exam Question
The following is Question 3 from the 2011 exam paper.

Example

(a) Explain what is meant by the generating function for #nesay, a;, ay, . . ..

(b) Compute a closed formula for the generating functiorhefgeries defined bg, = n,
forn> 0.

(c) Compute a closed formula for the generating functionhef series defined bg, =
2a,_1 — anp_», forn > 2, and the initial conditiongy = 0,a; = 2.

Solution:

(@) JustwritingA(x) = Z a. X< ought to get full marks (2 out of the total of 12).
k=0

(b) The generating function E K =x+22+33C+4x4+ ...
kc0

Now we met something similar in the last lecture:{(¥) 2 = 1 - 2x+ 3x> - 4x3 + .. ..
This is nearly right, but we are out by a multiplexof

X1+X)2=x-2+3C -4+ ...,

And we are out by a multiple of(1)<. We recognise that this is precisely thé&eience
between (1 x)" and (1- x)" for any powem. So our answer (for another 4 marks) is

i k& = x(1 - x)2.
kc0

(c) The procedure was to hypothesis a prodd@)D(x) = C(x) whereC(x) is the gener-
ating function withc, = a, — 2a,_1 + a,_». We will find thatD(x) = 1 — 2x + x°. And
¢, = 0 by definition forn > 2, while forn = 0 we havecy = apdy = 0 x 1 = 0 and for
n=1wehavec; = apd; + ydg =0x -2+2x 1= 2.
2X
1-2x+ %2
This earns the final 6 marks out of 12. The question only aska tdosed formula
for the generating function, rather than fop.aHowever, we know we can do that too.
Having answered part (b) we realise we don’t even need todvotith partial fractions:

Now A(X)(1 — 2x + X?) = 2X SOA(X) =

AX) = 1_22;(”2 = (:XX)Z =2X(L+2x+ 3¢ +4x* +..) = 2x+ 4 + 6X° + 8X' + . ..

i 2k,
k=0

Sure enough, if we calculate a few terms using the originalimence we find we get
exactly the nonnegative even numbers!



http://www.theoremoftheday.org
http://www.theoremoftheday.org

