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Chapter 1. Section 2

Graph Theory
Graphs

O
a b C d

A graph Gis a pair ¥/, E) whereV is a finite set and is a collection of subsets &f of size at most 2.

Example: The above picture is a pictorial representation of the fuithg graph:

V = {ab,.cd}
E = {{a} {a b}, {a b}, {a b}, {b,d}} (1)

Elements ol are calledvertices.

Elements o are callededges.

Elements of elements & (the vertices of the sets of the collection) are caedpoints.
Example: In (1) the edgda} has one endpoirg; the edggb, d} has endpointb andd.

Usually it is easier to write edges as pairs of endpoirifshécomes:

Vv
E

{a,b,c,dj,
{aa, ab, ab, ab, bd}

Subsets of size 1 ik are calledself-loops. In (1), {a} is a self-loop.
Subsets irE which are repeated are calletltiple edges. In (1), {a, b} is an edge of multiplicity 3.

Graphs with neither self-loops nor multiple edges are dal@ple. In this case is aset (rather than
a collection) of sets of size exactly 2.

Digraphs

O
a b C d

If we replace the word ‘set’ in the definition of the edge setdrgered pair’ then we havedirected
graph or digraph.
Example: The above picture is a pictorial representation of the Wity digraph:

Vv
E

{a,b,c,d},
{@a), @ab), @b), (ba), (db)} (2)

Again we can simplify the notation for the collecti@to give E = {aa, ab, ab, ba, db}. Notice that
the order in which we list the endpoints is now importaait:# ba.
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The following definitions apply to graphs or digraphs:

Two vertices aredjacent if they appear in the same subsettbf They are said to bpined by this
edge.

An edge and its endpoints are said toibeident with each other. For example, id)(or (2) a is
incident withab (three times for the graph; twice for the digraph); duis incident withb and
with d.

The number of edges incident with a vertels thedegree of v, denoted by d{). Self-loops count
twice. In (1) or (2) we have dd) = 5, dp) = 4, d(c) = 0 and d{l) = 1.
A vertex of degree zero is said to selated.

For digraphs we distinguish between ‘indegree’ and ‘outdegout we defer discussion until Chap-
ter 5.

In many cases a pictorial representation of a graph or digfap used above) is just as good as the
mathematical notation of sets and subsets. However, itp®itant to realise that this picture is not
unique. For example, the following picture represents #messtructure of vertex-edge incidences as
the graph defined inLj:

The graph represented here is not identicaljafly in that the vertex names ardférent. The way

in which the edges cross over each other may or may not beekstt(perhaps the graph is model
of a road network); similarly the colours on the vertices rbayimportant (perhaps they represent
different countries). And the size of the vertices may mean donge(populations?) However, these
details arenot part of the mathematical object which is the gr&ah



