Graph Algorithms

Chapter 1. Section 3
Algorithms

Robin Whitty atwww.theoremoftheday.org“

Definition: algorithm= well-defined sequence of operations which, given any valai value, will

produce a valid output value.

This concept dates back at least to the 9th century when islscholars such as al-Khwarizmi (the
word ‘algorithm’ is a corruption of his name) devised sysaimmethodologies for trigonometry and

algebra.

The modern theory of algorithms was developed in the 2nddfidiife 20th century, giving an accepted
formal description of what it means to calculate mathenadlyic Very roughly, anything we can
compute (or can be computed by a computer) can be achieverds bf ‘basic instructions’ (storing
numbers, retrieving stored numbers and adding numbersfisisat) provided we can:

1. execute instructions sequence,

2. execute a sequence of instructieoaditionally according to whether a Boolean variable eval-

uates to True or False;

3. repeat a sequence of instructions until some Boolean variablauatas to False.
So the whole of computation reducesstmjuencecondition andrepetition applied to some basic set
of instructions. In practice, we allow our basic instruntset to be much more generous than storage
retrieval and addition, otherwise designing complicatigg@ithms for, say, graph theory problems,
would be terribly complicated. Specifically, algorithmsidze expressed gseudocodenhich is an
informal version of a programming language like Java or @h\&nglish-language sentences added in
wherever itisclear how these can be turned into more preciseinstructions. Our version of pseudocode

is based on the mathematical programming language MAPLE.

An algorithm in pseudocode consists of a series of insibastbrstatements, generally each written
on a separate line. Execution of the algorithm consists dbpming the statements in turn, from top

example

to bottom.
statement | syntax
1 | assignment :=
2 | comment | # blah blah
3 | return return (value)
4 | conditional| if testthen instructionend if
5 if testthen instruction lelseinstruction 2end if
6 | loop for list do instructionend do
7 while testdo instructionend do

X:=X+1;

# this step incrementsby 1

return (x);  # terminates execution
if Xx<ythenx:=x+ lendif;

if d(v) = Othen

deletev from the graph
else

delete edge from;

for v e V do calculate d¢) end da

while d(v) > 1do
remove some edge incident with

Note: the limit or ‘scope’ of the instructions ify for andwhile statements is indicated by the words
end if andend dq, as appropriate. In practice it is acceptable, and oftererolear, to use indentation

to show this scope, as in examples 5 and 7.

The aim of this module is to discover or calculate propertiegraphs by specifying correct and
efficient algorithms. This process always involves the folloyvihree steps:
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Specification: of the algorithm in pseudocode, starting with the name ofalgerithm and its input
and output;

Correctness: proof that the algorithm produces the correct output forgpessible input;

Complexity: an analysis of how many steps the algorithm takes in orderadyze the output for a
given input (the technical name for this is tb@mplexity of the algorithm).

Example 1

Degree sumWe are given the task of calculating the sum of the degreegyofem graph. So given
the graph

a b C>
d C

in which d@) = 8; d({) = 4; d(c) = 0 and dfl) = 2, the algorithm should return the output value of
Zd(v) =8+4+0+2=14.

veV

However, the input to our algorithm witlot be the above picture! It will be a list of vertices (the set
V) and a list of edges (s&f). This is what our algorithm has to deal with. For the abowapbrwe
will have:

\%
E

{a,b,c,d},
{{a}, a}, {a b}, {a,b}, {a b}, {a,d}, {b,d}}

We will give two algorithms, one called Dumb and one callech&mrlrhe names indicate that our first
algorithm takes a long time to accomplish its simple task!

Algorithm Dumb
Input:  graphG = (V,E)
Output: 3, d(v)

degreesunx0 # initialise the calculation
for ve V do
1. degreesum= degreesumd(v)

return (degreesum)
end

This is not quite a complete specification because we havepeacified how to calculateg(at line 1.
A full specification will replace line 1 with the following:

dv) ;=0
2. for ee Edo
if ve ethend(v) :=d(v) + 1
degreesum= degreesum d(v)

Proof of Correctness: it is obviously correct if there are no self-loops. Tihetatement in the loop
at line 2 isnot quite correct ifeis a self-loop. But this is easy to correct.

Exercise: amend the specification of the calculation of)do make it correct when the input graph
can include self-loops.



Complexity: Thefor loop at line 1 take$V| steps since it makes 1 update of degreesum for each
inV.

Foreach of thesdV| steps thdor loop at line 2 takefE| steps since we must check each edgesee
if vis incident withe.

So the total complexity i8/| x |E| steps.

We can produce an algorithm which uses fewer steps to acthiev&ame output!

Algorithm Smart
Input:  graphG = (V,E)
Output: 3, d(v)

|IE| :=0 # initialise the calculation
foree Edo # loop to calculatéE|
|E| :=[E| + €]

return (2 x |E|)
end

Proof of Correctness: this time it is not at all obvious that the output is going todoerect! Indeed
it is quite mysterious — we ignore the vertices completelgt prst count edges! But there is a cute
little lemma which says this is OK:

Lemma (The Handshaking Lemma)Theorem of the Day

For any graplG = (V, E) we have
Z d() = 2E|.

veV

Proof: Let us define a functior on pairs of vertices and edges:

2 if vandeare incident an@is a self-loop
f(v,e)=<¢ 1 if vandeare incident aneis not a self-loop
0 if vandeare notincident

Now for a given vertew, Y e f(v,€) = d(v). And for a given edge, >,y f(v,€) = 2. We count
f(v, €) overall vertices and edges. We can count by vertices and then edgesoersa and get the
same result:

DY fwe = > fwe

veV ecE ecE veV

) Zd(v) ZZ:ZIEI.
ecE

veV
Exercise: prove the Handshaking Lemma by induction on number of vestic

Complexity: For algorithm Smart we have just tfe loop which counts edges. This neglssteps,
to count through sek.

So algorithm Smart is faster than algorithm Dumb by a factgvp— e.g. if G has 1000 vertices
then Smart is 1000 times quicker than Dumb!

Example 2

Equal DegreesWe are given the task of checking if a simple gr&plithat is, no loops or multiple
edges) has two vertices whose degrees are equal.

Here is a basic algorithm:
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Algorithm Stupid
Input:  simple graptG = (V, E)
Output: True if there are verticeg v € V for which d@) = d(v); False otherwise

Found=False # initialise the result
1. forueVdo
2. forve Vdo
3. if d(u) = d(v) then Found=True

return (Found)
end

Proof of Correctness: obvious. We haven’t said howw)and d{) are to be calculated in step 3 but
this was covered in our discussion of algorithm Dumb. And wadt have to worry about self-loops
since our input grapl is simple.

Complexity: thefor loop at 1. take$V| steps.
For each iteration of this loop tHer loop at 2. take$V| steps. So that i%/| x |V| steps.

But for each of these steps we must calculat§ dd d{); and we saw that this requirés| steps for
each degree. So the total number of stepg|fsx 2|E|.

We are not too bothered about the factor of 2: this is trivaahpared to the factors ¢¥| and|E|. In
fact we have a special notation which allows us to forget ibonstant factors, or extra terms added
on which are smaller: we writ®(|V|?|E|) to mean|V|?|E| up to constant multiples or the addition of
smaller terms. This is called ‘big-Oh’ notation and we shall describe itreéormally soon.

Can we do better than a(|V|?|E|) algorithm? We certainly can!

Algorithm Clever

Input:  simple graptG = (V, E)

Output: True if there are vertices, v € V for which d) = d(v); False otherwise
if V| > 2then return(True)else return(False)

end

Proof of Correctness: More magic — this time we don’t even count edges! Here is tlo@fr
Lemmal If Gis a simple graph on two or more vertices tl@has two vertices with equal degree.

Proof: Letn = |V|. For everyv € V we have 0< d(v) < n— 1. Moreover, we cannot achieve both
bounds: the upper bound is achieved if some vertex is joimed bthers, in which case no vertex can
be isolated. So our vertices take their degree values either fri@dn .., n—2} or from{1,...,n—1}.

In either case we are takingvalues from a set of size— 1. By the Pigeon Hole Principle some
degree value must be given to at least 2 vertices. O

Complexity: we do not even have to calculdig: we just have tctart counting vertices and stop
when we get to 2. So the algorithm takes 2 steps at most. We thig asO(1).

Exercise: is the above Lemma true for non-simple graphs? What aboetff@ps are allowed but
not multiple edges? What if multiple edges are allowed btised-loops? Give counter examples as
appropriate.

Exercise: We could speed up algorithm Stupid by only checking($!) pairs of vertices. Théor
loop at 1. checks each vertex but tfioe loop at 2. only checks verticdarther down the list. What

is the complexity of this new version of Stupid? Is iffdrent from the original version when we use
the big-Oh notation?

The Pigeon Hole Principle says thanif- 1 balls are placed in boxes then at least one box must contain more than
one ball. Theorem of the Day
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