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Chapter 3. Section 1

Minimum-Weight Spanning Trees

Supposés = (V, E) is a connected graph. Then a maximal subtre@ @fill automatically be maxi-
mum and will reach every vertexe V. Such a subtree is said to fganning.

Another viewpoint: a spanning tree is a minimum subset oesdbat preserves connectedness of

Exercise: a subgraph o6 that has fewer vertices aftat edges thas is calledproper . Prove that a
connected graph that has a cycle contains a proper conredigdaph. Hence prove that a connected
subgraph of5 with fewest edges is a spanning tree.

We now add a cost aweight to each edge and ask for a spanning tree of minimum total edgghty

Example: in the graph below left the numbers on the edges represeghtgeiEither of the subgraphs
on the right is a minimum-weight spanning tree for these ‘isig

Note: remember that a drawing of a graph is not the same as the matilcafrobject. So adding
numbers on edges is not mathematics either, it is just a coewepictorial representation. The graph
above would properly be described as a grépa (V, E), together with a weight functiow : E — R:

\ {a,b, c,d}
E {ab, ac, ad, bd, cd}
w(ab) = 1, w(ac) = 2, w(ad) = 4, w(bd) = 3, w(cd) = 3.

Greedy Algorithms

A feature of the MaximaBubtree algorithm is that we never worry whether adding dquéar edge
might prevent progress in the future: if we see a valid edgeauwtomatically add it to the tree. This
is referred to as optimising ‘greedily’: optimal currentiaa incurs no future penalty.

In traditional optimisation terms we can illustrate thigiwihe two functions plotted below:

o]

At point A, a hill-climbing algorithm minimising the function can aesd right or left: either choice
will achieve the same minimum valtieAt point B, however, descending to right or left looks equally
promising. But eventually the left-hand descent provesambn-optimal: it takes us to a minimal
point which is not minimum. We conclude that polynomialsmainbe minimised greedily by hill-
climbing.

The left-hand function i§x + 1) x (x — 1) (X — 2) which has minima at{1/¢, —1) and ¢, —1), whereg is the golden
ratio. The right-hand function i — 4) (x — 5) (x — 6) (x — 8), with minima at approx. (4, —1.4) and (73, -6.9)
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The MWST Algorithm

Not many optimisation problems can be solved greedily. Hardinding a minimum-weight span-
ning tree can, just by adding the words “of minimum weightane line of the MaximaSubtree

algorithm! We will call this algorithm MWST:
Algorithm MW ST

Input:  graphG = (V, E)
Output: spanning tred@ = (V(T), E(T)) of G of minimum weight
1. choose any vertex

2. V(M) :={v,EMT:=0 # initialise the subtree to be the single verteand no edges
3. whilesome edge leaves the trée
4, choose a leaving edgg (with x € V(T), y ¢ V(T)) of minimum weight
5 V(T) :=V(T) U {y} # add the new vertexto T
6 E(T) := E(T) U {xy} # add the new edgey to T
return(T)

end

Example: of Minimum-WeightSpanningTree in action.

We now have our usual obligations: we must prove that MWSTorsect and we must analyse its
complexity.

We take the latter first:

Complexity: MWST has the same complexity as Minin@libtree, i.eO(|V|?|E|). We have the addi-
tional requirement to find a lowest weight leaving edge ai dtebut our analysis of Minimabubtree
assumed we were checking all edge$safot already inT, so we can check the weights of the edges
at the same time.

In the next lecture we will give a variant of MWST called Praw&lgorithm which take©(|V|? + |E|)
steps. This is much faster even|H| is small (meaning about the same as the number of vertices:
[El = O(IVI).

Now we provecorrectness. We remark immediately that it is not obvious that we can findimum-
weight spanning trees greedily. To emphasise this poippaese we try to create a digraph version
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of MWST which finds a minimum weight spanning tréeected away from a given vertex v (this is
called atout-tree atv.

Example: the greedy approach to building an out-tree from the lefieh&ertex in the digraph below
gives the out-tree of total weight 7 whose edges alebc, cd (remember these are directed edges,
so bc andcb are diferent edges). However, a minimum-weight out-tree has weiglad, dc, cb.
There is no way we can start building an out-tree greedilyr wdgead: it requires future planning to
do that!

So we must give a proof that everything works OK for the ureded case. First some terminology:
we usew(e) to denote the weight of edge If X c E thenw(X) will denote the total edge weight of
all edges inX. In symbols:w(X) = Z w(e). If T is a subtree o6z we will say thatT is extendable

eeX
if T is contained in (meaning, is a subtree of) some minimum-tesganning tree db.
Now our proof rests on the following:

Lemmal lf T is an extendable subtree Gfande is has minimum-weight among the edges leaving
thenT + eis again extendable.

Remark: for a spanning tre@, extendable is equivalent to minimum-weight. So when the $IW
algorithm has completed its spanning tree the Lemma gusearthis will be a minimum-weight
spanning tree.

Proof of Lemma: T is extendable s& is contained in a minimum-weight spanning tree, $ayf e
is an edge of thenT + eis still contained inl and is therefore extendable as required.

So suppose tha ¢ T. ThenT + e contains a cycle (since now it has too many edges to be a tree).
This cycle must contair, so it must reenter, via edge, say. Since edges are undirectéds also
a leaving edge fof sow(f) > w(e) sincee was a minimum-weight leaving edge for

Now T + e— f is again a tree, since deletirighreaks the cycle, and
wW(T +e—f)=w(T) +w(e) - w(f) <w(T).

SinceT was a minimum-weight spanning tree so miliste— f be. AndT +e— f containsT +e. So
T + eis extendable. O

Maximum-Weight Spanning Tree

We may wish to maximise rather than minimise total spannieg edge weight. Simple — we just
replace the weight(e) of edgee with —w(e). Now the minimising total edge weight will maximise
the total in the original graph.

Or: replace the words ‘minimum weight’ in line 4. of the MWST afgbm with the words ‘maxi-
mum weight’. However, this might mean changing the code @frgd complex computer program,
so adjusting the input weights is usually preferable!



