
Graph Algorithms Robin Whitty atwww.theoremoftheday.org

Chapter 6. Section 2
Algorithm Ford Fulkerson

INPUT: st-network (N, s, t), capacity functionc, flow function f
OUTPUT: maximal f -unsaturated tree inN and augmented flow functionf

1 max:=False;
2 while not Maxdo
3 T:=Maximal UnsaturatedTree(N, s, t, c, f ) # MaximalUnsaturatedTree is specified below
4 if t ∈ T then
5 find the unique pathP from s to t in T
6 f :=AugmentFlow(N, s, t, f , c,P) # AugmentFlow is specified below
7 elsemax:=True
8 fi
9 od
10 return ( f , T) # Note: the set of edges leaving T are a minimal st-cut for N

The heart of Ford-Fulkerson is an adaptation of the MaximalRootedNetwork Subtree algorithm
from Week 5, Lecture 1:

Algorithm Maximal UnsaturatedTree

INPUT: st-network (N, s, t), capacity functionc, flow function f
OUTPUT: maximal treeT in N in which all paths froms are f -unsaturated

1 T := {s};
2 max:=False;
3 while not Max andt < T do
4 if there is a forward edgee leavingT with f (e) < c(e) then
5 adde to T
6 elif there is a backward edgee leavingT with f (e) > 0 then
7 adde to T
8 elsemax:=True
9 fi
10 od
11 return (T)

Algorithm AugmentFlow

INPUT: st-network (N, s, t),capacity functionc, flow function f , f -unsaturatedst-pathP in N
OUTPUT: augmented flowf

1 sl(P) := 9999; # Slack value for P: initialised to be higher than max possible flow value
2 for e ∈ P do
3 if e is a forward edge inP then sl(e) := c(e) − f (e) else sl(e) = f (e) fi
4 if sl(e) < sl(P) then sl(P) := sl(e) fi
11 od
2 for e ∈ P do
3 if e is a forward edge inP then f (e) := f (e) + sl(P) else f (e) = f (e) − sl(P) fi
11 od
12 return ( f )
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Example

In the network shown here, the capacityc(e) on edgee is shown as in bold and the flow valuef (e) is
given in parenthesis. So edgee is labelledc(e) ( f (e)).

The Ford-Fulkerson algorithm applies MaximalUnsaturatedTree. The result is shown in heavy red
edges:

Since the tree contains vertext an f -unsaturatedst-pathP may be found. Note that the edge fromc
to b is abackwardedge:

The figures in blue beneath each edge are the slack values found by AugmentFlow. The minimum
value is sl(P) and this is used to augment the flow functionf as shown below:

When MaximalUnsaturatedTree is applied again, the treeT doesnot containt. So no further aug-
mentation off is possible and the Ford-Fulkerson algorithm terminates, returning f and the treeT:

• f is amaximum st-flow. Its value is 5: the sum of thef values leavings which is equal to the
sum of thef values enteringt.

• T identifies aminimum st-cut, indicated by the dotted line: the edges directed out ofT separate
s from t. The sum of thef values on these edges, 3+ 1 + 1 = 5, is the value of the minimum
cut and is equal to the maximum flow value.


