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Chapter 6. Section 3

The Max-Flow-Min-Cut Theorem in this lecture we will give two theorems: the
first asserts the correctness of the Ford—Fulkerson dhgoyithe second follows from this and says
that maximum flow value- minimum cut capacity.

We need two lemmas. Recall the following Lemma from Week 5:

Lemma 1l If f is anst-flow in networkN = (V(N), A(N), s,t) andU C V(N) with se U andt ¢ U
then
fr(U) - f-(U) = f7(s) - f(9).

Our other lemma says that network flofy is bounded by cut capacity.

Lemma 2 If f is anst-flow in networkN = (V(N), A(N), s,t) andU C V(N) with se U andt ¢ U

then
|| < Z c(e).

ecAT(U)
Proof. By definition 0< f(e) < c(e) for all edge<e.
Sof-(U)= ) f(@=0andf*(U)= > fe< > ce.
ecA-(U) ecAt(U) ecAt(U)

So|f| = f*(U) - f7(U) <0+ Yecnr(u) (€) = Xecar(u) C(€), @S required. O
Now for the correctness of Ford—Fulkerson:
Theorem If N = (V(N), A(N), s, t) is a network for which the Ford—Fulkerson algorithm ouspa
st-flow f and cut seC. Then|f| = ¢(C), f is a maximum flow, andC is a minimum cut. Proof.
C = A*(U), whereU is the vertex set of a maximurf-unsaturated tree fromm which does not
containt.
Now by maximality of the tree

1. f(e) = c(e) for all edges leaving, i.e. for allee C = A*(U), and

2. f(e) = 0 for all edges entering, i.e. for allee A~(U).

Then we have

| f] f*(U) - f~(U) (by Lemmal)

> f@- ) f(e (bydefinition)

ecA+(U) ecA-(U)

- Z ce) -0 (by (1) and (2) above)
ecAt(U)

= c(C).

So|f| = ¢(C). And since by Lemma 2 flow is bounded by cut capaditgust maximise flow and cut
capacity must be minimised. O

Theorem (M ax-Flow-Min-Cut) Theorem of the Dayn any network, maximum flow value is equal
to minimum cut capacity.

Proof. Apply the Ford—Fulkerson algorithm to find a maximum flow. Ntve result follows from
the previous theorem. O
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