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Question set for Chapter 8

1. Recall that, for two subse¥andY of a setA, thesymmetric difference XAY is defined to be
(X\Y) U (Y\X): the subset of those elementsAoivhich are inX or Y but not both.

Let G be any graph and lé¥l be a matching irs. Suppose that has anM-augmenting path
P. Prove thatM’ = MAP is a matching of cardinalityM’| = [M| + 1.

2. Atheorem of Phillip Hall says that a bipartite graphvith partsX andY has a matching which
saturates every vertex &fif and only if, for every subse$ of X, we haveN(S)| > |S|, where
N(S) denotes the set of all vertices Gfadjacent to vertices i8.

X1 Xy X3 Xy X
Find a subse§ of the verticegx, ..., Xs} in the graph on
the right which fails to meet this condition. Why does this
automatically mean that some subsefyof. . ., ys} must also
. S
fail the condition” Y. Vs Vs Vu Vs
3. Consider the & 5 matrix be- We can view this matrix as encoding a bipartite graph: thespithe
low: bipartite graph aréx,, ..., X3} and{ys,...,ys}, and there is an edge
i Y2 Y Ya ¥ joining x; andy; if and only if there is a 1 in row, columnj.

x(1 0 0 1 1 L . : .
|0 0 1 1 1 (a) Draw the bipartite grap@ corresponding to this matrix.
x3s\1 1 0 0 1 (b) Give the 5< 5 matrix which encodes the graph in Question 2.

(c) What subsets of matrix entries correspond to matchim@®i

4. Again, we do not yet have an algorithm to practice, so weimiestigate the proof that absence
of an augmenting path implies maximality. We shall work wiitle following graph and with
two matchingdM andM’:
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(a) Say giving brief reasons whether eactivbndM’ is
(i) maximal; (i) maximum; (iii) perfect.
(b) The proof that there must be dMraugmenting path becauBd’| > |M| is constructive:
(i) Draw a new graphd which consists of the edges in the symmetritatience
M'AM = M'\M U M\M".
(i) Label the vertices of your grapH with their degrees irH to confirm that all the
degrees are 1 or 2 (and therefore form a collection of patisgries).
(i) Draw the cycles and paths you find in your gradh clearly labelling their vertices,
and find a path which begins and ends with\hedge.
(iv) Identify this path in the original graph as given abowe @pecify the matchinBAM
which is necessarily bigger thaw.
(c) Give an augmenting path for the new matching you foundairt (b) and use it supply
a maximum matching foG. Also find a minimum cover folG and comment on the
relationship betweenG) andr(G) for the given grapl®.

{bc, ef, hj, ik, Ip, no}
{ae, bf, cd, hk, ip, jl, no}
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