Gr aph AlgOl’ Itth Robin Whitty atwww.theoremoftheday.org“
Solutions to question set for Chapter 8

1. Recall that, for two subse¥andY of a setA, thesymmetric difference XAY is defined to be
(X\Y) U (Y\X): the subset of those elementsAoivhich are inX or Y but not both.

Let G be any graph and lé¥l be a matching irs. Suppose thas has anM-augmenting path
P. Prove thaM’ = MAP is a matching of cardinalityM’| = M| + 1.

SOLUTION: We must show (1) that” = MAP is a matching, and (2) thél’| = [M| + 1.

(1): M’ is a matching if (i) it is a subset d&&(G) and (ii) no vertex ofG belongs to more than
one edge oM’.

(i): SinceM’ = MAP = (M\P) U (P\M) which is a union of two subsets &(G), it
follows thatM’ is a subset oE(G).

(if): suppose some vertex belongs to two edgesesande, of M’. SinceM\P andP\M
are disjoint, either (I) both edges areNh\P or (Il) both are inP\M or (lll) one edge
is in each set, sag; € M\P ande, € P\M. Now (l) is impossible becaudd is a
matching; () is impossible becaugds alternating, so that every vertexBexcept
the first and last belong to an edge Mf so no vertex can have degree 2RRM.
And (1) implies that some vertex dP is adjacent to an edge & not lying in P.
SinceP is alternating this can only be the first or last vertex buséeertices are
M-unsaturated by definition. So (lll) is also impossible. $ovartex belongs to two
edges ofM’.

(2): An M-augmenting path has one more nghedge than it hasM-edges. SdP\M has
cardinality one greater than the numberMfedges inP. All edges ofM not in P are
retained inM’. SoM’ has one more edges th&h

[This was part (c) of a question on the 2010 exam paper and vea w0 marks, 6 marks for
(1) and 4 for (2). The argument presented above is quite form#he majority of the marks
were awarded to anyone who realised that a two-part argurnmead required and gave any
reasonably logical version of this argument.]

2. Atheorem of Phillip Hall says that a bipartite graphvith partsX andY has a matching which
saturates every vertex &fif and only if, for every subse$ of X, we haveN(S)| > |S|, where

N(S) denotes the set of all vertices Gfadjacent to vertices i8.
X Xy X3 X4 Xs
Find a subse§ of the verticegx, ..., Xs} in the graph on
the right which fails to meet this condition. Why does this
automatically mean that some subsefyef. . ., ys} must also

) S
fail the condition? Vi Yo V3 Vi Vs

SOLUTION: The setS = {X1, X4, X5} hasN(S) = {y1, y3}. Since|N(S)| = 2 < |S], the selS
fails the condition of Hall's theorem.

Let X = {Xg,..., Xs} andY = {y1, ..., ys}. If no subset ofY fails the condition of Hall's theorem
then there is a matchingl which saturates every vertex ¥f Then|M| = 5; every edge oM
includes a vertex oK and no vertex oX can lie in two edges oM. ThereforeM saturates
every vertex inX which we know is impossible. So some subsetrdhils the condition of
Hall's theorem. (Such a set{g,, Vi, Ys}).
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3. Consider the % 5 matrix be- We can view this matrix as encoding a bipartite graph: thespdithe

low: bipartite graph aréx,, ..., X3} and{yi,...,ys}, and there is an edge
Yo Y2 Y3 Y4 ¥s joining x; andy; if and only if there is a 1 in rov, columnj.
2 ( Cl) 8 (1) i 1] (a) Draw the bipartite grap@ corresponding to this matrix.
(1 1 0 0 1 (b) Give the 5x 5 matrix which encodes the graph in Question 2.
(c) What subsets of matrix entries correspond to matchim@®i
SOLUTION:

(&) The bipartite graph corresponding to théb) The matrix corresponding to the bipar-
matrix is: tite graph is:

X1 X2 X3 X4 X5

U I vi(l 0 0 0 1
y2{0 1 1 0 O

ys{1 0 0 1 1

va4l0 1 1 0 O

ys {0 0 1 0 O

Yi Vo V3 Va4 Vs

4. Again, we do not yet have an algorithm to practice, so wkimiestigate the proof that absence
of an augmenting path implies maximality. We shall work wiitle following graph and with
two matchingdM andM’:

(&) (1)
@ /. Q@
(k)
M {bc, ef, hj, ik, Ip, no}
(D © @) M’ = {ae bf, cd, hk ip, jl, noj

(a) Say giving brief reasons whether eactivbndM’ is
(i) maximal; (i) maximum,; (iif) perfect.

(b) The proof that there must be dMraugmenting path becauBgd’| > |M| is constructive:

(i) Draw a new graphd which consists of the edges in the symmetritatience
M'AM = M'\M U M\M".

(i) Label the vertices of your grapH with their degrees irH to confirm that all the
degrees are 1 or 2 (and therefore form a collection of patdsgcles).

(i) Draw the cycles and paths you find in your gradh clearly labelling their vertices,
and find a path which begins and ends with\hedge.

(iv) Identify this path in the original graph as given abowe @pecify the matchinBAM
which is necessarily bigger thaw.

(c) Give an augmenting path for the new matching you foundairt (b) and use it supply
a maximum matching foG. Also find a minimum cover folG and comment on the
relationship between(G) andr(G) for the given grapl®.



SOLUTION: (a) Something like the following drawing maybe helpful (Iihot required by
the questi

(i) M is not maximal since the edgey shares neither endpoint with any edgeMn M’ is
maximal since every edge &f has at least one endpoint .

(@i) M is not maximum sinc®!’ is larger tharM. Also M’ is not maximum sinc& contains
a perfect matching (which will be constructed in part (c) isutot hard to spot).

(i) Neither matching is perfect sindg has 16 vertices, so a perfect matching will havg2l6
8 edges, which is larger thavi andM’.

(b) (i) M’AM contains the edges that are vh or M’ but not both. This is shown below
(combined with (ii)).

(i) Diagrammatically:
1(a) 5
2 2
Q——@
20 2

(i) (combined with (iv)

PN

‘0

(c) Anaugmenting path for the increased matchingfs:hj, jo, no, mn Exchanging match-

ing and non-matching edges on this path gives the followarfget matching:
{ae bf, cd, gh, ik, jo, Ip, mn}.

A minimum cover forG will have cardinality 9. This is not easy to verify (I did a cpoter
check) since we have ndfeient algorithm for finding minimum covers in non-bipartite
graphs. We could develop some ad-hoc argument based onctitbdatriangles need 2
vertices to cover their edges while 5-cycles need 3 vertibese is one triangle and four
5-cycles, so we start with a requirement of a total 84 3 = 14 vertices but observe that
some vertices are shared between cycles. Continuing afisi¢jrie we can presumably
eliminate any possible cover of size 8.

There are just four possible covers of size 9:

{b,c,e,g,h,i.l,mo} {b,ceghilnol {bdeghilmo} {bdeghilno
We observe that min cover size is strictly greater than matchiag size.



