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Abstract. The purpose of this expository paper is to present several known proofs of Wedderburn’s theorem

that every finite division ring is necessarily a field.

Preface

This expository paper was the project I submitted for “Math 423: Topics in Algebra”, taught by Zinovy
Reichstein at the University of British Columbia in Spring 2013. I would like thank Professor Reichstein
for proof-reading and making several excellent suggestions that improved the organization and the quality
of the paper. I have tried to present and (at most) make tiny modifications to three existing proofs of
Wedderburn’s Little Theorem, and therefore I claim no original work.

1. Introduction

A division ring is a ring in which every non-zero element has a multiplicative inverse; a commutative
division ring is called a field. In 1905, Wedderburn proved the remarkable theorem that every finite division
ring must be a field. In other words, the finiteness of a division ring is strong enough to force commutativity.
We remark that there are infinite division rings that are not fields; for instance the ring of real Hamilton
quaternions is such a division ring. Many years have passed after Wedderburn’s original paper (see [6]), and
numerous other proofs of this theorem have been found. We will give exposition of three different proofs. We
will present proofs by Ernst Witt, Hans Zassenhaus and Israel Herstein. While Witt’s proof is a beautiful
application of cyclotomic polynomials, Zassenhaus’s proof is purely group-theoretic. Herstein’s proof, on
the other hand, uses assortment of results from abstract algebra, but is mainly ring-theoretic. There are
other proofs of this result that are not presented in this paper; for example, Ted Kaczynski’s proof (see [3])
proceeds by showing that Sylow subgroups of the multiplicative group of the finite division ring are all cyclic.
See [1] for interesting history and chronological list of proofs of the Wedderburn’s Little Theorem:

Theorem. A finite division ring is necessarily a field.

2. Witt’s Proof

Before presenting the first proof, we need to develop some basic theory of cyclotomic polynomials. We
say a complex number θ is a primitive n-th root of unity if θn = 1 but θm 6= 1 for all positive integers m < n.

For example, i =
√
−1 is 4-th root of unity, while 1+

√
−3

2 is a 3rd root of unity. We define n-th cyclotomic
polynomial to be

Φn(x) =
∏

(x− θ)

where the product is taken over all n-th primitives root of unity θ. For example, Φ1(x) = x−1, Φ2(x) = x+1,
Φ3(x) = x2 + x + 1, Φ4(x) = x2 + 1. Now, the roots of the polynomial xn − 1 are precisely those θ that
satisfy θn = 1, implying that θ is d-th root of unity for some d | n (by Lagrange’s Theorem). Conversely, if
θ is d-th root of unity, and d | n, it is clear that θn = 1. Thus,

xn − 1 =
∏
d|n

Φd(x)

We show that for every n ∈ N, the cyclotomic polynomial Φn(x) is a monic polynomial with integer coef-
ficients. We proceed by induction. Assume the claim is true for all cyclotomic polynomials Φm(d) where
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m < n. Using above relation, we can extract Φn(x) from the product (after all, n | n) to obtain

xn − 1 =
∏
d|n

Φd(x) = Φn(x)
∏
d|n
d<n

Φd(x)

If we let
H(x) =

∏
d|n
d<n

Φd(x)

then, by induction hypothesis H(x) is a product of monic polynomial with integer coefficients, and conse-
quently is a monic polynomial with integer coefficients. From the above two relations, we have xn − 1 =
Φn(x)H(x), and so

Φ(n) =
xn − 1

H(x)

which shows that Φ(n) is a monic polynomial with integer coefficients. Next, we claim that

Φ(n) | x
n − 1

xd − 1

whenever d | n, d < n. To prove this, we observe that xd − 1 =
∏
t|d Φt(x). But if t | d, then t | n (because

d | n). But since n - d (because n > d), Φ(n) is not a factor of xd − 1. Thus, we can regroup the terms and
write

xn − 1 = Φn(x)(xd − 1)
∏
k|n
k-d
k 6=n

Φk(x)

It is now immediate that Φn(x) divides
xn − 1

xd − 1
.

Proof. Let D be a finite division ring. Then, D forms a vector space over its center Z = {z ∈ D : za =
az, ∀a ∈ D}. Suppose Z has q elements. It follows that D must have qn elements, where n is the dimension
of the vector space D over Z. If we can show that n = 1, then D = Z, and so D is commutative (because Z
is commutative).

Denote D× to be the group of all invertible elements in D. Since D is a division ring, it follows that
D = D× ∪ {0}. Thus, |D×| = qn − 1. For each a ∈ D, we let C(a) = {x ∈ D : ax = xa} be the centralizer
of a in D. It is immediate that Z ⊂ C(a), so N(a) forms a vector space over Z, meaning that C(a) has qd

elements for some d ∈ N (where r depends on a). We note that C(a)× contains qd − 1 elements, and C(a)×

is a subgroup of D×. From Lagrange’s theorem we get qd − 1 | qn − 1. We claim that d | n. Indeed, using
division algorithm we can write n = Qd+ r where 0 ≤ r < d. Since qd − 1 | qn − 1, we must have

qd − 1 |
[
(qn − 1)− (qn−d + qn−2d + · · · qn−Qd)(qd − 1)

]
= qn−Qd − 1 = qr − 1

We have shown qd − 1 | qr − 1. But 0 ≤ r < d. If r > 0, then qd − 1 > qr − 1, and this contradicts
qd − 1 | qr − 1. Thus, r = 0 and so d | n. The center of the D× is simply Z×. Applying the class equation
to group D× we obtain

|D×| = |Z×|+
∑
a 6∈Z

|D×|
|N(a)|

which translates into

qn − 1 = q − 1 +
∑
d|n
d<n

qn − 1

qd − 1

From our above discussion about cyclotomic polynomials, we know that the n-th cyclotomic polynomial

Φn(q) divides
qn − 1

qd − 1
for each d | n with d < n. But also Φn(q) divides qn − 1. As a result of the class

equation above, Φn(q) divides q − 1. However, if n > 1 then |q − θ| > |q − 1| for any θ that is a primitive
n-th root of unity. Thus,

Φn(q) =
∏

(q − θ) > q − 1
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In particular, Φ(n) cannot divide q − 1. We have reached a contradiction, and this concludes the proof of
Wedderburn’s Theorem.

�

3. Zassenhaus’s proof

We start by examining some facts from Galois Theory. See [4] (Chapter 3) for more detailed account.
Let F be a finite field, and S ⊂ F be its subfield. Given x ∈ F , we define norm of x over S (denoted by
NF/S(x)) to be the product of all conjugates of x in GF/S , where GF/S is the group of automorphisms of F
that leave S invariant.

NF/S(x) =
∏

σ∈GF/S

σ(x)

Suppose F is a finite field with a characteristic p > 0. It is a well-known fact that only field automorphisms
F are of the form σk where σ : F → F is defined by σ(a) = ap for each a ∈ F . The automorphism σ is
usually referred to as Frobenius automorphism. Now suppose S ⊂ F is a subfield with q elements, and F

has qn elements. It follows that GF/S consists of automorphisms of the form x 7→ xq
k

where 0 ≤ k ≤ n− 1.
Thus

NF/S(x) =
∏

σ∈GF/S

σ(x) = x1+q+q
2+···+qn−1

= x
qn−1
q−1

Proposition. Suppose S ⊂ F is a subfield with q elements, where F has qn elements. Then, each element
of S can be written as norm of some element of F .

Proof. Consider the map Ψ : F× → S× defined by Ψ(x) = NF/S(x), which is easily checked to be a group
homomorphism. We have

ker(Ψ) = {a ∈ F× : x
qn−1
q−1 = 1}

Since F is a field, the equation x
qn−1
q−1 = 1 has at most qn−1

q−1 solutions; hence ker(Ψ) has at most qn−1
q−1

elements. By first isomorphism theorem, im(Ψ) is isomorphic to F×/ ker(Ψ), and so im(Ψ) has at least

|F×|
| ker(Ψ)|

=
qn − 1
qn−1
q−1

= q − 1

elements. But then q − 1 ≤ | im(Ψ)| ≤ |S×| = q − 1. It follows that im(Ψ) = S×, and the map Ψ is onto.
Consequently, every element of S can be realized as norm of some element of F . �

We recall from group theory that given a group G, and a subgroup H ⊂ G, the normalizer of H in G is
defined by NG(H) = {a ∈ G : aH = Ha} and the centralizer of H in G is defined by CG(H) = {a ∈ G :
ah = ha ∀h ∈ H}. We will first prove a sufficient condition for a finite group to be abelian, and then show
that the group of units in any finite division ring satisfies this group-theoretic property.

We will closely follow Zassenhaus’s original paper (see [5]).

Theorem. Let G be a finite group. If NG(H) = CG(H) for all abelian subgroups H ⊂ G, then G is abelian.

Proof. We proceed by induction on the number of elements in G. Let G be a finite group of order n with the
property that NG(H) = CG(H) for all abelian subgroups H ⊂ G. We suppose that the theorem holds for
all finite groups of order strictly less than n. Then, every proper subgroup of G has order less than n, and
satisfies the condition on the equality of normalizer and centralizer for abelian subroups, and so by induction
hypothesis it is abelian. Thus, every proper subgroup of G is abelian. Now, we divide the proof into two
cases, whether or not the center of the group Z = {z ∈ G : ag = ga ∀g ∈ G} is trivial.

Case 1: |Z| > 1, i.e. the center of G is not trivial.
Then the quotient group G/Z has order less than n. We will show that G/Z is an abelian group. Assume H
is any abelian subgroup of G/Z. We may assume H is a proper subgroup of G/Z, for otherwise G/Z = H
is abelian, as desired. By correspondence theorem, there exists a subgroup H ⊂ G containing Z such that
H/Z = H. It is clear that H is a proper subgroup of G (because otherwise if H = G, then H = H/Z = G/Z,
but H is a proper subgroup of G/Z, contradiction). As we observed in above paragraph, properness of H in
G together with induction hypothesis forces H to be abelian. We will now prove that NG/Z(H) = CG/Z(H).
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The inclusion CG/Z(H) ⊂ NG/Z(H) is trivially true. For the reverse inclusion, let X be any element

of NG/Z(H). Then, (X)H(X)−1 = H. If π : G → G/Z is the natural projection map, then for every

x ∈ π−1(X), we have xHx−1 = H. So x lies in the normalizer of H, and since H is abelian group, x lies in
the centralizer of H. But then, xhx−1 = h for all h ∈ H. Applying the natural projection map π, we get
xhx−1 = h. This is true for all x ∈ π−1(X). Consequently, x lies in the centralizer CG/Z(H). We deduce

that NG/Z(H) = CG/Z(H). As H was arbitrary abelian subgroup of G/Z, and |G/Z| < n by induction
hypothesis it follows that G/Z is abelian, as desired. We will now show that G must also be abelian. Let
a, b ∈ G be any two arbitrary elements. By definition of center, bz = zb for each z ∈ Z. Furthermore, Z
itself is clearly an abelian group; hence the subgroup generated by (b, Z) = (b, Z) is an abelian subgroup of
G. Since G/Z is abelian, we have

(aba−1Z) = (aZ)(bZ)(a−1Z) = (bZ)(aZ)(a−1Z) = bZ(aa−1Z) = bZ

So aba−1Z = bZ. Thus, there exists z ∈ Z with aba−1 = bz. Since za = az for all z ∈ Z, it is clear that
if y ∈ 〈b, Z〉, then aya−1 ∈ 〈b, Z〉. Consequently, a〈b, Z〉a−1 = 〈b, Z〉, meaning that a is the normalizer of
〈b, Z〉, and so a is in the centralizer of 〈b, Z〉 (because 〈b, Z〉 is an abelian subgroup of G). In particular, a
commutes with b ∈ 〈b, Z〉, giving us ab = ba. As a, b ∈ G were arbitrary, we deduce that G is abelian.

Case 2: |Z| = 1, i.e. the center of G is trivial.
Assume M1 and M2 are two distinct maximal proper subgroups of G. By induction hypothesis, M1 and
M2 are abelian. Also, the subgroup generated by M1 and M2 must be the entire group, i.e. 〈M1,M2〉 = G
(otherwise, maximality of M1 would be contradicted). Now, if x ∈ M1 ∩M2, then x commutes with every
element of M1 and x commutes with every element of M2. Since M1 and M2 are abelian, it follows that x
commutes with every element of 〈M1,M2〉 = G. As a result, x ∈ Z = {1}. We conclude that any two distinct
maximal subgroups of G intersect at the identity element. Now suppose M is any maximal proper subgroup
of G. We will now analyze conjugate subgroups of M . First, for any x ∈ G, the conjugate subgroup xMx−1

is maximal (Indeed, if xMx−1 ( Q then M ( x−1Qx, and so x−1Qx = G, implying that Q = G). Suppose
xMx−1 = yMy−1 for some x, y ∈ G. Then, (y−1x)M(y−1x)−1 = M , and so y−1x is in the normalizer of
M , and hence, in the centralizer of M (because M is an abelian subgroup of G). So y−1x commutes with
every element of M , and consequently commutes with every element of 〈y−1x,M〉. If y−1x /∈ M , then by
maximality of M , 〈y−1x,M〉 = G, and so y−1x commutes with every element of G, i.e. y−1x ∈ Z, so y−1x is
the identity element (as we are in Case 2), and so y−1x ∈M contradiction, as we were assuming y−1x /∈M .
Thus, whenever xMx−1 = yMy−1, it follows that y−1x ∈M . The converse is also true: if y−1x ∈M , then
(y−1x)M(x−1y) = M , and so yMy−1 = y(y−1xMx−1y)y−1 = xMx−1. So, xMx−1 = yMy−1 if and only
if y−1x ∈ M . Equivalently, xMx−1 = yMy−1 if and only if xM = yM . We deduce that the number of
conjugates of M is equal to the number of left cosets of M , i.e. there are |G|/|M | conjugates of M . Since
any two distint maximal subgroups of G intersect at identity (as we proved above), and since each conjugate
subgroup contains |M |−1 non-identity elements, the total number of non-identity elements in all conjugates
of M is

(1)
|G|
|M |

(|M | − 1) = |G| − |G|
|M |

We now have enough tools to show G is abelian. Take a non-identity element x ∈ G. If (x) = G, then G
is cyclic, and hence abelian. We may assume (x) ( G, so that (x) is contained in some maximal subgroup
M ⊂ G. Since |M | > 1 (because (x) ⊂M and |(x)| > 1), we see from equation (1) that M and its conjugates
supply |G|/2 non-identity elements of G. If G contained any element w that is not in M or in any of the
conjugates, then w would be contained in some other maximal subgroup, say P ⊂ G. Since any two distinct
maximal subgroups of G are distinct, P and its conjugates supply |G|/2 non-identity elements of G, all of
which all of which are different from the above |G|/2 non-identity elements supplied by M and its conjugates.
Thus, P , M together with conjugates supply |G|/2 + |G|/2 = |G| non-identity elements of G. Adding the
identity element, we get a total of |G|+1 elements in G, contradiction. Hence, G cannot contain any element
w that is not in M or any of its conjugates. We conclude that M and its conjugates supply all the elements
of G. From equation (1), this means

|G| − |G|
|M |

+ 1 = |G|
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giving us |G|
|M | = 1, so that G = M . This contradicts the fact that M is a proper subgroup of G, and

establishes the theorem. �

We will now show that the above group-theoretic property is satisfied by finite division rings.

Theorem. Suppose D is a division ring. If G is any abelian subgroup of D×, the normalizer of G coincides
with the centralizer of G.

Proof. Let G be any abelian subgroup of D×. Denote N(G) and C(G) to be the normalizer and centralizer
of group G, respectively. It is always true that C(G) ⊂ N(G). We want to show the reverse inclusion.
Suppose x ∈ D× such that xGx−1 = G, i.e. x ∈ N(G). Our goal is to show that xax−1 = a for all a ∈ G, i.e.

x ∈ C(G). Since x|D
×| = 1, and 1 ∈ C(G), there exists a smallest positive integer m such that xm ∈ C(G).

By definition, for all a ∈ G, we have
xmax−m = a

and for each positive integer k satisfying 0 < k < m, there is an ak ∈ G such that

xkakx
−k 6= ak

Let H be the subgroup of D× generated by xm and G. Because xma = axm for all a ∈ G, and G is abelian,
it follows that H is abelian. As xGx−1 = G, and xxmx−1 = xm, it follows that

xHx−1 = H

Define a new set F , which consists of all elements in D that can be written as a finite sum of elements in
H. In other words,

F =

{
t∑
i=1

bi : bi ∈ H, t ∈ N

}
We claim that F is a field. It is easy to see that F is closed under addition, and multiplication. Therefore,
F× is a multiplicative subgroup of D×. Since H is abelian, F is commutative ring, showing that F is a field.

We have shown that xHx−1 = H. Using xHx−1 ⊂ H, it follows that if y ∈ F , then xyx−1 ∈ F (simply
because elements of F are finite sums formed from elements of H). Similarly, using H ⊂ xHx−1, it follows
that every element of F can be written of the form xyx−1 with y ∈ F . Also,

x(a+ b)x−1 = xax−1 + xbx−1

x(ab)x−1 = (xax−1)(xbx−1)

As a result, we have an automorphism of the field F , given by map a → xax−1 for each a ∈ F . We will
denote this map by σ. So σ(a) = xax−1. Recall that we chose m ∈ N to be the smallest positive integer
such that xm ∈ C(G). We want to show that m = 1. Assume, to the contrary, that m > 1. Then, by easy
induction, we have

σm(a) = xmax−m = a

for all a ∈ F . But if 0 < k < m, there exists ak ∈ G ⊂ H ⊂ F such that

σk(a) = xkakx
−k 6= ak

We conclude that σm is the identity automorphism, while the automorphism σk for 0 < k < m is not the
identity.

Now σ(xm) = xxmx−1 = xm, showing that xm is invariant under σ. Let S denote the subfield of
F , consisting of all those elements in F that are invariant under σ. In particular, xm ∈ S. Then, by
Proposition proved in the beginning, xm is the norm NF/S(y) of some element y ∈ F . Hence,

xm = yσ(y)σ2(y) · · ·σm−1(y)

We consider the expression

f(x, y) = (x− y)(1 + y−1x+ y−1σ−1(y)x2 + · · ·+ y−1σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1)

After expanding we obtain

f(x, y) = x+ xy−1x+ xy−1σ−1(y)x2 + · · ·+ xy−1σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1
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− y − x− σ−1(y)x2 − · · · − σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1

In order to simplify terms in the first row, we observe that for each 1 ≤ r ≤ m,

xy−1σ−1(y)σ−2(y) · · ·σ−(r−2)(y)xr−1

= (xy−1x−1)(xσ−1(y)x−1) · · · (xσ−(r−2)(y)x−1)xr

= σ−1(y)σ−2(y) · · ·σ−(r−1)(y)xr

Returning to previous equation, and substituting the above expression for each 1 ≤ r ≤ m we get lots of
cancellations:

f(x, y) = x+ xy−1x+ xy−1σ−1(y)x2 + · · ·+ xy−1σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1

− y − x− σ−1(y)x2 − · · · − σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1

= −y + σ−1(y)σ−2(y) · · ·σ−(m−1)(y)xm

= −y + y = 0

where in the next to last step, we used xm = yσ(y)σ2(y) · · ·σm−1(y). We have shown that f(x, y) = 0, that
is,

(x− y)(1 + y−1x+ y−1σ−1(y)x2 + · · ·+ y−1σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1) = 0

Since D is an integral domain, one of the factors in the above inequality must be zero, i.e. 1 + y−1x +
y−1σ−1(y)x2 + · · · + y−1σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1 = 0 or x = y. If x = y, then x ∈ F (because
y ∈ F ), and so x commutes with every element in F ⊂ G, and so xax−1 = a for all a ∈ G, contradicting our
assumption that m > 1. So it must be the case that

1 + y−1x+ y−1σ−1(y)x2 + · · ·+ y−1σ−1(y)σ−2(y) · · ·σ−(m−2)(y)xm−1 = 0

Since the above equation holds, we know that the equation

(2) 1 +

t∑
δ=1

cjδx
jδ = 0

holds, where 0 < j1 < j2 < · · · < jt < m and 0 6= cjδ ∈ F for each 1 ≤ δ ≤ t. Among the relations of the
form above, there exists one with minimal t ∈ N. Suppose the above equation is (2) one of them. Recall
that, for each 0 < k < m, there exists ak ∈ G such that

σk(a) = xkakx
−k 6= ak

Since 0 < j1 < m, such aj1 ∈ G exists. Multiply both sides of equation (2) on the left by a−1j1 , and on the
right but aj1 , we obtain

(3) 1 +

t∑
δ=1

a−1j1 cjδx
jδaj1 = 0

Let djδ = a−1j1 cjδ(x
jδaj1x

−jδ). The equation (3) becomes:

0 = 1 +

t∑
δ=1

a−1j1 cjδx
jδaj1

= 1 +

t∑
δ=1

a−1j1 cjδ(x
jδaj1x

−jδ)xjδ

= 1 +

t∑
δ=1

djδx
jδ
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Recall that σ defined by σ(a) = xax−1 is an automorphism on F . And so σjδ leaves F invariant; in particular
djδ ∈ F for each 1 ≤ δ ≤ t. We have

1 +

t∑
δ=1

cjδx
jδ = 0(4)

1 +

t∑
δ=1

djδx
jδ = 0(5)

Subtract equation (5) from equation (4) to obtain

(cj1 − dj1)xjδ +

t∑
δ=2

(cjδ − djδ)xjδ = 0

Multiplying both sides by x−j1 on the right, we have

cj1 − dj1 +

t∑
δ=2

(cjδ − djδ)xjδ−j1 = 0

Using the definition of djv and noting that cj1 ∈ F , we observe

dj1 = a−1j1 cj1(xj1aj1x
−j1) 6= a−1j1 cj1aj1 = cj1

We have dj1 6= cj1 . So 0 6= cj1−dj1 ∈ F has a multiplicative inverse. Multiplying equation (5) by (cj1−dj1)−1

on the left, we get

(6) 1 +

t∑
δ=2

pjδx
jδ−j1 = 0

where pjδ = (cj1 − dj1)−1(cjδ − djδ) ∈ F (as cjδ , djδ ∈ F for each jδ). But this is a contradiction, because we
choose t to be minimal among relations of the form above; and the equation (6) has t− 1 terms in the sum.
Thus, the assumption that m > 1 leads to a contradiction. We must have m = 1, and xax−1 = x for each
a ∈ G. In other words, x ∈ C(G), and so N(G) ⊂ C(G). We conclude that N(G) = C(G) holds for every
abelian subgroup G of a finite division ring D. �

The above two theorems together imply that D× = D \ {0} must be abelian. In other words, D is
commutative, and Wedderburn’s Little Theorem has been proved.

4. Herstein’s proof

We proceed by proving series of lemmas. Our first lemma will be used in the very last step of the proof.
We include it in the beginning, so as not to interfere with the intertwined lemmas that follow afterwards.

Lemma 1. Suppose F is a finite field, and α, β ∈ F satisfying α 6= 0, β 6= 0. Then, we can find two
elements a, b ∈ F such that 1 + αa2 + βb2 = 0.

Proof. If characteristic of F is 2 (i.e. 2x = 0∀x ∈ F ), then F has order 2n for some n ≥ N . Thus, every
element x ∈ F satisfies x2

n

= x. In particular, every element is a square. So α = a2 for some a ∈ F . If we
use this a, and b = 0, we obtain that

1 + αa2 + βb2 = 1 + (α)(α)−1 + 0 = 1 + 1 = 0

as desired.
Now suppose F has characteristic p, where p is some odd prime. Then, F has pn elements for some n ∈ N.

Let Wα = {1 +αx2 : x ∈ F}. We can count how many elements there are in Wα. If 1 +αx2 = 1 +αy2, then
we get x2 = y2, which is possible only when x = y or x = −y. So if x 6= 0, the terms x and −x gives only
one contribution to the set Wα. But x = 0 gives only one contribution (since −0 = 0). Thus, the number of
elements in Wα = 1 + (pn− 1)/2 = (pn + 1)/2. Similarly, if we define Wβ = {−βx2 : x ∈ F}, the exact same
reasoning tells us that Wβ has also (pn + 1)/2 elements. But now,

|Wα|+ |Wβ | =
pn + 1

2
+
pn + 1

2
= pn + 1 > pn = |F |
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By pigeonhole principle, there exists a common element g ∈ Wα ∪Wβ . By definition of Wα and Wβ , we
have g = 1 + αa2 for some a ∈ F , and g = −βb2 for some b ∈ F . Equating these two expressions, we arrive
at 1 + αa2 = −βb2, or equivalently 1 + αa2 + βb2 = 0, as desired.

�

Let R be a ring. For each a ∈ R, define ψa : R → R by ψa(x) = xa − ax. Our first lemma is concerned
about the powers of ψa, which in this context means composition of ψa by itself. We will write ψma to mean
m-fold composition of ψa, i.e ψma = ψ ◦ ψ ◦ · · · ◦ ψ, where composition is nested m times.

Lemma 2. The function ψa(x) = xa− ax defined as above satisfies the following identity:

ψma (x) =

m∑
j=0

(−1)j
(
m

j

)
ajxam−j

for every m ∈ N.

Proof. We proceed by induction. When m = 1, we get ψma (x) = ψ(x) = xa−ax which agrees with the above
identity. Suppose the claim is proved for some m ∈ N . Then,

ψm+1
a (x) = ψa(ψma )(x) = ψ

 m∑
j=0

(−1)j
(
m

j

)
ajxam−j


=

 m∑
j=0

(−1)j
(
m

j

)
ajxam−j

 a− a

 m∑
j=0

(−1)j
(
m

j

)
ajxam−j


=

 m∑
j=0

(−1)j
(
m

j

)
ajxam+1−j

+

 m∑
j=0

(−1)j+1

(
m

j

)
aj+1xam−j


=

 m∑
j=0

(−1)j
(
m

j

)
ajxam+1−j

+

m+1∑
j=1

(−1)j
(

m

j − 1

)
ajxam−(j−1)


= xam+1 +

 m∑
j=1

(−1)j
[(
m

j

)
+

(
m

j − 1

)]
ajxam+1−j

+ (−1)m+1am+1x

= xam+1 +

 m∑
j=1

(−1)j
(
m+ 1

j

)
ajxam+1−j

+ (−1)m+1am+1x

=

m+1∑
j=0

(−1)j
(
m+ 1

j

)
ajxam+1−j

Note that in next to final step we used the formula:(
m+ 1

j

)
=

(
m

j

)
+

(
m

j − 1

)
which can be easily verified. It is also immediate from Pascal’s triangle. So we have proved the claim for
ψm+1
a . By the principle of mathematical induction, the lemma is proved. �

Corollary. Suppose R is a ring of characteristic p, where p is a prime (i.e. px = 0 for all x ∈ R). Then
ψp

m

a (x) = xap
m − apmx.

Proof. If p = 2, then ψ2
a(x) = xa2− 2axa− a2x = xa2− a2x. In other words, ψ2

a(x) = ψa2(x). Suppose that
ψ2m

a (x) = xa2
m − a2mx for some m ≥ 1. Then,

ψ2m+1

a (x) = (ψ2
a)2

m

(x) = (ψa2)2
m

(x) = x(a2)2
m

− (a2)2
m

x = xa2
m+1

− a2
m+1

x

proving the claim for m+ 1. By induction, the proof is complete when p = 2.
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Similarly, assume p is an odd prime. Using the lemma above, and the fact that p divides the binomial
coefficient

(
p
i

)
for 1 ≤ i ≤ p− 1, we obtain

ψpa(x) = xap − apx
In other words ψpa(x) = ψap(x). Suppose ψp

m

a (x) = xap
m − apmx for some m ≥ 1. Then, we obtain that

ψp
m+1

a (x) = (ψpa)p
m

(x) = (ψap)p
m

(x) = x(ap)p
m

− (ap)2
p

x = xap
m+1

− ap
m+1

x

which proves the claim for m+ 1. The proof is complete by induction. �

Proposition: SupposeD is a division ring of characteristic p > 0 with centre Z, and let P = {0, 1, 2, ..., p−
1} ⊂ Z be its prime subfield. If a ∈ D but a 6∈ Z, then there exists x ∈ D such that
1) xax−1 ∈ P (a)
2) xax−1 6= a
3) xax−1 = ai for some i ≥ 2
Here P (a) stands for the field obtained by adjoining a to the field P .

Proof. Assume a ∈ D but a 6∈ Z. We consider the map ψa : D → D defined by ψa(x) = xa − ax some
of whose properties we have already established above. Since P (a) is a finite field of characteristic p > 0,
it has pm elements for some m ≥ 1. Thus, up

m

= u for each u ∈ P (a). In particular, since a ∈ P (a), we
have ap

m

= a. From the corollary above, we have that ψp
m

a (x) = xap
m − apmx = xa− ax = ψa(x). Hence,

ψp
m

a = ψa.
For each λ ∈ P (a), we have λa = aλ because elements of P (a) are simply polynomials in a, which clearly

commute with the element a. But now

ψa(λx) = (λx)a− a(λ)x = λ(xa)− λ(ax) = λ(xa− ax) = λ(ψa(x))

Since this is true for every x ∈ D, we deduce that the maps ψa and λI : D → D defined by λI(y) = λy
commute i.e. ψa(λI) = (λI)ψa for every λ ∈ P (a). Since P (a) is a field with pm elements, we have the
following factorization

up
m

− u =
∏

λ∈P (a)

(u− λ)

Since ψa and λI commute for each λ ∈ P (a), we can formally substitute the function ψa instead of x, and
the above equation would still hold (we replace λ by its operator λI). Also, we use ψp

m

a = ψa to get

0 = ψp
m

a − ψa =
∏

λ∈P (a)

(ψa − λI)

We can rewrite the above factorization as

0 = ψa(ψa − λ1I)(ψa − λ2) · · · (ψa − λr)
where r = pm−1, and λi 6= 0 for each 1 ≤ i ≤ r. If (ψa−λi)(x) 6= 0 for every x ∈ D, and for every 1 ≤ 1 ≤ r,
then the above equation would imply ψa(x) = 0 for every x ∈ D, and so xa− ax = 0, giving us xa = ax for
each x ∈ D. But then, a ∈ Z, contradiction. Thus, there must exist some x ∈ D with x 6= 0 and 1 ≤ j ≤ r
such that (ψa − λjI)x = 0, meaning that xa − ax − λjx = 0, or equivalently, xa = ax + λjx. Multiplying
both sides by x−1 (which is allowed, since D is a division ring, and x 6= 0), we obtain xax−1 = a+λj ∈ P (a)
as a, λj ∈ P (a), proving statement (1). Since λj 6= 0, we must have xax−1 6= a. This proves the statement
(2). Now, suppose a ∈ P (a) has order s. Then, all the roots of ys − 1 in the field P (a) are 1, a, a2, ..., as−1

since all of these are distinct. Since (xax−1)s = xasx−1 = xx−1 = 1, we conclude that xax−1 ∈ P (a) is
a root of the polynomial ys − 1 = 0, meaning that xax−1 = ai for some i ≥ 2 (note that i 6= 1, because
xax−1 6= a). This proves statement (3), and completes the proof of the proposition. �

We will now prove Wedderburn’s Theorem.

Proof. Let D be a finite division ring. We want to show that D is commutative. We proceed by induction on
the number of elements. In other words, we assume that Wedderburn’s theorem holds for all finite division
rings of order less than |D|. Suppose Z is centre of D.

Claim 1. Suppose a, b ∈ D such that bta = abt for some t ∈ N and ab 6= ba. Then bt ∈ D.
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Proof of Claim 1. Consider the centralizer C(bt) = {y ∈ D : bty = ybt}. Note that C(bt) is a subdivision
ring of D. If C(bt) 6= D, then C(bt) is a proper subdivision ring of D, and so by induction hypothesis we see
that C(bt) must be commutative; since a ∈ C(bt) and b ∈ C(bt), this means ab = ba, contradiction. Thus, it
must be the case that C(bt) = D, and hence bt ∈ Z. �

Given w ∈ D, we let m(w) to be the smallest positive integer such that wm(w ∈ Z. Since w has a finite
order, m(w) is well-defined. We call m(w) the order of w relative to Z.

Claim 2. Let a ∈ D with a ∈ Z be an element with the smallest order r relative to Z. Then r must be
a prime number.

Proof of Claim 2. Assume, to the contrary, that r is composite. Then, r = r1r2 where r1 < r and
r2 < r. Let a1 = ar1 ∈ D. By minimality of r, a1 6∈ Z. However, ar21 = ar = 1. We deduce that the order of
a1 relative to Z is at most r2. Since r2 < r, this contradicts the minimality of r. �

We assume, to the contrary, that D is not a field. Then, as in the statement of Claim 2, we can find
a ∈ D with a 6∈ Z such that order of a relative to Z is minimal. Suppose order of a relative to Z is r.
Then we have shown that r must be prime. By applying Proposition above, there exists x ∈ D such that
xax−1 = ai and xa 6= ax. Now,

x2ax−2 = x(xax−1)x−1 = x(ai)x−1 = (xax−1)i = (ai)i = ai
2

Similarly,

x3ax−3 = x(x2ax−2)x−1 = x(ai
2

)x−1 = (xax−1)i
2

= (ai)i
2

= ai
3

It is easy to see inductively that xtax−t = ai
t

for each t ∈ N. In particular, xr−1ax−(r−1) = ai
r−1

.

Claim 3. r does not divide i.

Proof of Claim 3. Indeed, if r | i, then i = sr for some s ∈ N , and from xax−1 = ai, we would get
xa = (ar)sx. Since ar ∈ Z, we get (ar)s ∈ Z (as Z is a subring), and so xa = (ar)sx = x(ar)s. Cancelling x
from both sides, we arrive at a = (ar)s which gives a ∈ Z, contradiction. We deduce that r - i. �

Since r is prime and r - i, we have ir−1 ∼= 1 (mod p) by Fermat’s Little Theorem. And so ir−1 = 1 + cr
for some integer c. Let λ = acr = (ar)c ∈ Z. Then,

ai
r−1

= a1+cr = aacr = aλ = λa

The equation xr−1ax−(r−1) = ai
r

gives xr−1a = ai
r

xr−1 = λaxr−1. So xr−1a = λaxr−1.

Claim 4. We must have λ 6= 1.

Proof of Claim 4. Assume, to the contrary, that λ = 1. Then, xr−1a = λaxr−1 becomes xr−1a = axr−1.
We still have xa 6= ax. By Claim 1, we obtain xr−1 ∈ Z. This contradicts minimality of r, as ris by definition
the smallest positive integer with ar ∈ Z. Hence, λ 6= 1. �

Let b = xr−1. The equation xr−1a = λaxr−1 becomes ba = λab, that is bab−1 = λa. Since λ ∈ Z, we
have

λrar = (λa)r = (bab−1)r = barb−1 = arbb−1 = ar

where in the last step we used ar ∈ Z. So λrar = ar, which implies λr = 1.

Claim 5. If y ∈ D and yr = 1, then y = λi for some i.

Proof of Claim 5: There are at most r roots to the polynomial ur − 1 in the field Z(y). Since λr = 1,
the elements 1, λ, λ2, · · · , λr−1 are all distinct (because r is prime) and they are all roots of ur − 1. So any
yr = 1 must be necessarily of the form y = λi for some 0 ≤ i ≤ r − 1. �

Claim 6. br ∈ Z
Proof of Claim 6. Since λr = 1, and λ ∈ Z we obtain

br = λrbr = (λb)r = (a−1ba)r = a−1bra

Note that here we used λb = a−1ba which is equivalent to ba = λab = λba. We have shown that abr = bra.
Since ab 6= ba (because ba = λab and λ 6= 1), by the result of Claim 1 we get br ∈ Z. �
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Let’s recall from field theory that every finite multiplicative subgroup of a field is cyclic. In particular,
the center Z is cyclic. Suppose γ is a generator for Z. We have ar ∈ Z and br ∈ Z (the latter is from Claim
6). Hence, there exist integers j, k such that ar = γn and br = γm. If r | n, then n = sr for some s ∈ Z,
and so ar = γsr, which implies (a/γs)r = 1; by Claim 5, it follows that a/γs = λi ⇒ a = γsλi ∈ Z which
contradicts the assumption that a 6∈ Z. We deduce that r - n. Similarly, r - m (because b 6∈ Z). Let a1 = am

and b1 = bn. From ba = λab, we have bab−1 = λa. Since λ ∈ Z, we have

ba1b
−1 = bamb−1 = (bab−1)m = (λa)m = λmam = λma1

So ba1b
−1 = λma1 ⇒ ba1 = λma1b ⇒ λ−mb = a1ba

−1
1 . Since λ−m ∈ Z, we have

a1b1a
−1
1 = a1b

na−11 = (a1ba
−1
1 )n = (λ−mb)n = λ−mnbn = λ−mnb1

Let µ = λ−mn ∈ Z. We have shown that a1b1 = µb1a1. Since r - m, r - n and r is a prime number, it follows
that r - mn, meaning that λ−mn 6= 1 ⇒ µ 6= 1.

Note that ar1 = (am)r = (ar)m = γmn = (br)n = (bn)r = br1. So we have shown ar1 = br1 = gammamn ∈ Z,
and that a1b1 = µb1a1 for mu ∈ Z with µ 6= 1, but µr = 1.

Claim 7. We have (a−11 b1)r = µr(r−1)/2.

Proof of Claim 7. We claim that for any t ∈ N,

(a−11 b1)t = µt(t−1)/2a−t1 bt1

We proceed by induction. When t = 1, the claim trivially holds, as both sides of the above equation reduce
to a−11 b1. Suppose that the statement holds for some t ∈ N. We want to show that it holds for t+ 1 as well.
It is instructive to write t(t− 1)/2 = 1 + 2 + · · ·+ t− 1. Then, using a1b1 = µb1a1, we have b1a

−1
1 = µa−11 b1,

and so

(a−11 b1)t+1 = a−11 (b1a
−1
1 )tb1 = a−11 (µa−11 b1)tb1

= a−11 µt(a−11 b1)tb1 = a−11 µtµt(t−1)/2a−t1 bt1b1

= mut+(t−1)+(t−2)+···+2+1a
−(t+1)
1 bt+1

1

= µt(t+1)/2a
−(t+1)
1 bt+1

1

proving the claim for t + 1. By the principle of mathematical induction, the claim holds for all t ∈ N. In
particular, when t = r in which case we obtain

(a−11 b1)r = µr(r−1)/2a
−r)
1 br1 = µr(r−1)/2

So µr(r−1)/2 = µr(r−1)/2. �
We divide the proof into cases, whether or not r is an odd prime. If r is an odd prime, then r−1

2 is an

integer, and so µr = 1 implies that µr(r−1)/2 = 1. By Claim 7, this means (a−11 b1)r = 1. Since a−11 b1
satisfies yr = 1, from Claim 5 we obtain that a−11 b1 = λi for some i. So that b1 = a1λ

i = λia1 (as λ ∈ Z).
However, this implies b1a1 = a1b1 = µb1a1 ⇒ µ = 1, which contradicts µ 6= 1. The proof of Wedderburn’s
theorem is finally complete when r is an odd prime.

Assume now r = 2. Then, let α = a21 = b21 ∈ Z. Recall that a1b1 = µb1a1, where µ2 = 1, µ 6= 1. Thus,
µ = −1, and a1b1 = −b1a1 6= b1a1. By Lemma 1 in the beginning of the section, letting F = Z, we can find
elements ζ, η ∈ Z such that 1 + ζ2 − αη2 = 0. We will consider the expansion (a1 + ζb1 + ηa1b1)2. Because
of the condition a1b1 = −b1a1, the “cross” terms cancel, and we have are only left with “diagonal” terms as
follows:

(a1 + ζb1 + ηa1b1)2 = a21 + ζ2b21 + η2(a1b1)(a1b1) = α+ ζ2α− η2α2 = α(1 + ζ2 − αη2) = 0

Since D is a division ring, this means a1 + ζb1 + ηa1b1 = 0. But now

2a21 = a1(a1 + ζb1 + ηa1b1) + (a1 + ζb1 + ηa1b1)a1 = 0

giving us 2a21 = 0, which forces a1 = 0, contradiction. Wedderburn’s theorem has been proved. �
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