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The triangle-halving deltoid envelope
Robin Whitty

In an article in 1972[]1] (and sek![2] for further developnsnbunn and Pretty determined
the collection of all straight lines bisecting the area afatgle as a certain ‘deltoid’ envelope.
More specifically, they observed that the general problentdcoe reduced to bisecting a right
isosceles triangle at the origin, and that in this trianpke bisecting lines were the tangents
to a deltoid curve traced by three hyperbolae. The hypeebolguestion were those whose
asymptotes were the pairs of edges of the triangle (we ayeconicerned with the positive, or
right-facing branches of the hyperbolae, suitably rotated

Figure 1 shows Dunn and Pretty’s deltoid envelope for artranily specified triangléBC
(whose edges have been produced the more easily to picemeahk asymptotes). There are
six area-bisecting lines which are easy to identify, pthtés grey lines. These are the three
triangle medians, joining vertices to midpoints of oppesitdes; and the three lines parallel
to the triangle edges and dividing the altitudes in the ratio2 : 1-1/ V2. We observe that
these six lines are, indeed, tangent to the plotted hypaebol

Fig. 1

The purpose of this note is to record how we plotted the hyglaebin Figure 1. There
is a grown-up way we could have done it, which is to carry ouhand Pretty’s fine
transformation to a triangle placed at the origin, and thgwlyathe reverse transformation to
their hyperbolae. We would like to see soM800 reader crack this in a future issue! Still, it
is a useful exercise to acquire the necessary ingrediemtsd$cratch, so to speak, for a given
triangle. And this is what we will do here.

A hyperbola may be specified in terms of various subsets @ltameters: foci, vertices,
centre, eccentricity, asymptotes, etc. Our aim will be i@gialues to those parameters nec-
essary to write down each hyperbola in parametric form thus:

X = X+ pcoshf)cosd — gsinht) sing,
y = Yo+ pcoshf)sind + qsinht) coss,
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with t ranging over a half-circle;r/2 < t < v/2. The angl&® gives the rotation from the hy-
perbola symmetric about the horizontal axis. This is mogdieit if we write these equations
in terms of a rotation matrix:

(1)

cosfd siné
—sind cosd |’

(x.Y) = (40.Yo) + (PCOShQ). gsinh)) x (

We will start by findingé, the angle of rotation. Of course we need this angle to ctiyrec
orient our hyperbola. In addition it includes the angle lwone asymptote of the hyperbola
and the midline between the asymptotes, and the tangenisofatter angle isy/p. Soé is
doubly useful to us!

From now on we will base our calculations on the trianRC in Figure 1 and restrict our
attention to the hyperbola whose asymptotes are ealgaglc. We will regard these edges as
free vectors, oriented clockwise around the triangle, sbah- —B + C, and so on, treating
A, B andC as position vectors. The two other hyperbolae may be oldamen identical
manner.

We start with a right-facing half-hyperbola symmetricababthe horizontal axis. We
rotate by a quarter circle clockwiser/4: the hyperbola is now downwards facing, about the
vertical axis. We rotate back, anticlockwise, by the angl®eveen the vertical axis and triangle
edge c. This is obtained from the dot product of the unit vectorshia directions ot and of
the vertical axis as:

S—l C- (O’ l)
[¢

(@)

Finally we must rotate anticlockwise by an angle, cafl,itvhich is half the angle between
and-a. Now cos(®) = —c- a/(|cl|la)). So, using the appropriate half-angle formula,

_ [1-cos(®)  [1+c-a/(cllal)
tan(a/2) = \/ T+cos(@) \/ 1-c-a/(cla)’
giving
R _lallcl+a-c
¢ =tan " /Xsc where X = ald—ac (3)

To sum up, the angle of rotation of the hyperbola whose asyteparec anda may be written

c-(0,1
Oac = _Z +COS_1L

+tant 4/ Xec. 4
4 c wc ()

Moreover, as we said earlier with reference to equafibrntéh)y) = g/p, so we can record:

9= pvXac (5)

This means that therdtectively remains just one unknown on the right-hand sideqofae
tion (1) and that ip. To find p we return to this equation, using the identity (5) and some
shorthandX = X — Xg, Y =y — Yo, C = COSOy, S = SinOy:

(X,Y):(cosh(),sinh([))x(g p\?x_ac)x(_% CS) (6)

Inverting the matrices:

(X,Y)(% ‘g)((l) 1/3E):p(cosho,sinh¢)).
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Now apply the identity cosit) — sintf(t) = 1 and equate coordinates:

(YC-Xs _

XC +YS)? -
( ) X

or as a vector Ienglﬂ:

[0 wde (£ E)(V)] "

This is the distance between the centre of the hyperbolatangeitex. The centre, which
is (X0, Yo) in equation[(IL), is the point of intersection of the asynggo This is poinB for
our present purposes. To evaluateie need to locate a poink,(y) lying on the hyperbola in
order to give values tX = x — Xp andY =y —yo. We will take that point on the bisecting
line parallel to edgd which is tangent to the hyperbola. This point also lies onrtteglian
line from vertexB4 It therefore divides the median line in the ratib\2 : 1- 1/ V2. The
median line, as a free vector may be written a8(& — ¢). So the required point, lying on the
hyperbola asymptotic taandc, is B+ 1/(2 V2)(a— c). And this gives us the final ingredients
for our plot:

1
XY) = 2_\/§(a_ C).
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1The square root will be imaginary, so this is perhaps a rwtaticonvenience. Nevertheless, it seems there
should be some direct link from equatign (6) to the vectogtenAnother puzzle fomM500 readers!

2This may presumably be confirmed retrospectively edentiating the function we are in the process of
specifying! It seems it should be obvious geometricallythig eludes us. Yet anoth®t500 reader challenge.
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