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Facsimile ofIntroductio in analysin infinitorumfrom:
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Euler’s Formula For any real or complex value ofθ,

eiθ = cosθ + i sinθ.

... a real page-turner from Euler: his climax to section 138 lies just overleaf from the derivation
shown above! In modern-day language this derivation, taking off from De Moivre’s Theorem and invoking Euler’s own limit definition of ex, reads as follows:
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Erit vero: eiθ = cosθ + i sinθ

e−iθ = cosθ − i sinθ.

Leonhard Euler’s formula appears in vol. 1 of his 1748Introductio in analysin infinitorum. It was known in the form ln(cosθ + i sinθ) = iθ
to Roger Cotes about 35 years earlier. Neither Cotes nor Euler made the connection to circle geometry: this had to wait forthe invention of
the complex plane by Gauss, Wessel and Argand, around 1800.

Web link: Ed Sandifer’sHow Euler Did It, archived ateulerarchive.maa.org/hedi/: seeAugust 2007 entry.
Further reading: Euler: The Master of Us Allby William Dunham, MAA, 1999. Created by Robin Whitty forwww.theoremoftheday.org

http://www.theoremoftheday.org/
http://www.theoremoftheday.org/Resources/Glossary.htm
http://www.theoremoftheday.org/Resources/TheoremNotes.htm#206
http://commons.wikimedia.org/wiki/File:Protractor_Rapporteur_Degrees_V3.jpg
http://www.theoremoftheday.org/Annex/taumanifesto.html
http://gallica.bnf.fr/ark:/12148/bpt6k69587
http://eulerarchive.maa.org/hedi/
http://eulerarchive.maa.org/hedi/HEDI-2007-08.pdf
http://www.theoremoftheday.org/Resources/Bibliography.htm#WilliamDunhamHistory
http://www.theoremoftheday.org/GeometryAndTrigonometry/DeMoivre/TotDDeMoivre.pdf
http://www.theoremoftheday.org/Theorems.html#206
http://www.theoremoftheday.org/NumberTheory/Cyclotomic/TotDCyclotomic.pdf
http://www.theoremoftheday.org
http://www.theoremoftheday.org

