| THEOREM OF THE DAY

Then

i
The Pappus—Guldin Theoremsuppose that a plane curveisrotated about an axis external to the curve. @

1. the resulting surface area of revolution is equal to the product of the length of the curve and the

displacement of its centroid;

2. in the case of a closed curve, the resulting volume of revolution is equal to the product of the plane

area enclosed by the curve and the displacement of the centroid of this area.

A classic example is the measurement of the surface areaotunde of .
atorus. Atorus may be specified in terms ofitor radius r andma-
jor radius R by rotating through one complete revolution (an angl
7 radians) a circle of radiusabout an axis lying in the plane of the ¢
cle and at perpendicular distanRdrom its centre. In the image on tl
right, the surface and volume being generated by the rothtiwe are:
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A = 1r x TR = r?rRand volumeV = Errz xTR = ETZI’ZR, respectively

Using calculus, the centroid of the region bounded by theeeyie= f(x) and thex-axis in the interval§, b] hasx andy coordinates

x—ifbxf(x)dx and ‘—lfb}(f(x))zd
WA Y=2). 2 %

whereA is the area of the region. Now the second Pappus—Guldinghegives the volume when this region is rotated throughdians as/ =

b

AX1Ty = ETf (f(x))2 dx, the familiar formula for volume of solid of revolution. Amilar calculation may be made using theoordinate of the

centroid of the arc on the curye= f(X), on the interval §, b], the coordinates of this centroid being given as:

b 2 b 2
Y:%fa x\/1+(%() dx and y:%fa yﬂl+(%’() dx,

with L, the arc length, calculated 925 v/1 + (dy/dx)?2dx. Thisisillustrated, right, for a semicirclg:= V1 - x2,
in the interval F1, 1]. The centroid of the enclosed region is&03r), plotted as the outline circle; the centroid
of the semicircular arc is (@&/7), plotted as the solid circle.
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Pappus stated his theorems in the early 300s; it is accelpé¢d Tth century scientists rediscovered the theoremsén+
selves, Book Il (1640) o€entrobaryca, Paul Guldin’s 700-page treatise on centres of gravityndp#ie pre-eminent contribu-

tion.
ration and location of centroids are elegantly coverearanive.uea.ac.yjtm/contents.htmSection 13.

_ _ ‘ Further reading: Philosophy of Mathematics & Mathematical Practice in the Seventeenth Century by Paolo Mancosu, Oxford Univer- .
sity Press, 1999, chapter 2. Created by Robin Whitty fcm/ww.theoremoftheday.or
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Web link: old.maa.orgpresgperiodicalgconvergencgames-gregory-and-the-pappus-guldin-thearémtegration formulae for mensu-
Ompiie
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