THEOREM OF THE DAY

Minkowski’s Convex Body Theorem Let L(B) = {Bx|x € Z"} be the integer lattice whose points are
all integer-weighted sums of the n linearly independent basis vectors forming B, an n x n matrix over R.
Let S be a convex subset of R", closed under negation, whose volume exceeds 2" det(B)|. Then S contains
a nonzero point of L(B).

The lattice on the left consists of all points, Y)
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where x andy are integers summing to an evenift*’—'
number; it is defined by the two column vec- <
tors (1, 1) and (20). The shaded parallelogram_

defined by these two basis vectors is called tﬁ J
fundamental parallelepiped, denotedP(B), and y

its volume (which, in two dimensions is just 2"
area) is synonymous withdet()|, the (absolute /
value of the) determinant of the basis matrix. ~ ,/ P

For our vectors this volume is given as 2 uhits*
The setS, depicted as a curved region, fails to
be convex because some straight lines joining

pairs of points inS pass outside 0%: technically, 1 1 2y
for somexy, X, € S not every suntx; + (1—t)x,, for P /

0 <t < 1,isapoint ofS. It also fails to be closed under negatione S does not guaranteex € S. And the vqume ofS (» 2.8) fails to exceed 2% det(B) =8. So
Minkowski’'s Theorem does not apply & and indeed, iS5 were translated right or left it might fail to contain a nogra lattice point. However, wean apply:
Bllchfeldt 's Theorem If S isany measurableset whose volume exceeds | det(B)| then there exist distinct points x; and x, in S such that xl - Xy isa Iattlce pointin L(B)

-','

o - « . To prove this, observe that ficient copies of the L
d fundamental parallelepipe®(B), moved to lattice P
F 4 points as shown above right, will cover the Set

-1 /0

dimensions). Then va®) = 2-"vol(S) > |det®)|, so Blichfeldt suppliesq, X, e S with x; — X, € L(B). Then, by definition o8, closure under negation, and convexit)
2X1, 2%p, —2%p, and §(2x1) + ( - 5)( 2X;) are all inS, and the last of these, being equakio- x,, is a nonzero lattice point.

Hermann Minkowski’'s 1889 theorem is the foundation of hisdmetry of numbers’. Hans Blichfeldt's theorem dates fr@h4l

- . ‘ Web link: ocw.mit.educoursegmathematicscoursel8.409: an Algorithmists Toolkitecturesl8 and 19
Further reading: Lecturesin Discrete Geometry by Jifi MatouSek, Springer, New York, 2002.created by Robin Whitty forww.theoremoftheday.or
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If their intersections withS are translated to the *
. origin (see left) then two must overlap, because
/" vol(S) > |det®)| = vol(P(B). So some poink
F lies in the two distinct copies dP(B) translated o
, from, say, lattice pointg; andz, (see right). Then X = \% rd
o Xy =zZ+zgandx, = z+ 2z liein Sandx; — X =

~ z+2z - (z+2), being a diference of lattice points,
is itself a lattice point.

Minkowski's Theorem can now be proved as @ /‘i}' 3 ' / _ ;/
corollary: letS = lS (halving in each of then -1 1 /2 3 /4 S /6
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