THEOREM OF THE DAY

Cauchy’s Theorem in Group Theory If the order of a finite group G is divisible by a prime p then
contains an element of order p. i
gp:(glxg2x"'xgp—2xgp—l) &1

The multiplication table shown near right . _

defines a group of order 10: thereare® | ¢ | * | 7 | @ [ J [ @ | w [ s | ki

10 elements each appearing once in, | , tlrlaljilalw]|s|a ;

every row and column; one element; '

namely e (the identity) leaves every- ¢ | ¢ | e | j | k| r | i | s |w | d | a 8
thing unchanged by multiplication; and

associativity holds so that, forexample,” | r | w | ¢ | s | a | j | ¢ | d | i |k

txr)xw = jxw = eagrees with _

t x (r x w) = t> = e. We observe, mean- KA Ei KB KA Kk g ]

while, thatt is an element of order 2 (an ilel el w P lalaelEl alla #

idempotentt? = €): Cauchy’s theorem

says such an element mustexistsince 2 | a | d | w | ¢ | k | e | r | i | j | s

divides 10. It is less immediate to con= gpf2

firm, but in fact, every non-identity el- w | w | r | a | i | e | k | d | ¢ | s | ]

ement that is not an idempotent has or- 1

der 5, the other prime dividing 10. And * | $ | J [ f | a |t [ d | kKl e[w T

perhaps you have recognised the dihedral o _ , |

group D1, in which case you know this ko ifa]r]s|v|a i : 81X 82X ... X gpfl ~ gp =1
already. i i | k| s | e | d |t | j|a]| r | w/| *Youcanrecover the usual multiplication table®fy by spotting that
Proof. the group elements are an anagram of the name of a famousisicien

Denote by 1 the identity in an arbitrary finite groGqof order, sayn. If p dividesnthen the number of solutions & = 1 mustin fact be a positive multiple gt
To see this, consider the s¢§ of all ordered lists op elements of5 satisfying the identityg;0; - - - 9p-19p = 1. We can choose any values foit . . ., g,p_1, after
which g, is fixed; see the illustration above right. 86| = nP*. Now for some lists inX, all theg; are identical. These correspond to the solutions’te: 1;
suppose there ar such lists. Every other list has two properties: (1) it gigedifferent element oX, if its elements are cycled round, becaysis prime, so
that ap-gon with non-identical vertices has no symmetries; andf(® elements are cycled round then they still multiply tobecause, can be rewritten as
g;}l ---g,*g;* and cancellation of all elements will occur regardless oéretwe start multiplying (see the illustration). So the nembayB, of lists in X, which
do not give solutions ta® = 1 is a multiple ofp. And now sinceA + B = n*~! andB andn are both divisible byp, so mustA be. AndA is not zero, since 1 is a
solution toxP = 1, soA is a positive multiple op.

Elements of ordep generate subgroups of ordpeiso Lagrange’s Theorem, that a group’s order must be dieidiglthat of
any of its subgroups, has here a partial converse, greatiyggthened in Sylow’s celebrated theorems of 1872. Cauaiwed
his theorem (independently asserted without proof by Bt@fGalois) in his seminal 1845 #oire sur les arrangements que
I'on peut former avec des lettres da@es’. The proof given above is due to James H. McKay, 1959.

Web link: gqchu.wordpress.cof201307/09/

_ _ ‘ Further reading: Topics in Group Theorhy Gedtf Smith and Olga Tabachnikova, Springer, 2000, chapter 3.
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