A THEOREM OF THE DAY e.

A Theorem of Melody Chan on Group ActionsLet n be a positive integer, and F a field, either infinit
or finite with|F| > n+ 1. Then the members of the sétdf n-vectors can each be coloured Green or Blu

in such a way that, for any non-singularxin matrix B with entries in F, other than the identity matrix,
there is some Green vector v for which Bv is Blue.

2w + Sx + 4z

28 (mod 7) =0
ow+3x + 6y + 32 = 42 (mod7)=0
Sw+3x +2y+ 7z =21 (mod7)=0
+ 3z =20 (mod7)=6
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Melody Chan’s theorem is a recipe for making a one-arm bahdihe above example we make a bandit which choosesg! symbols from the
set{e, v, », &, $, €, £} (7 being the cardinality of the smallest finite field greabert 4+ 1). As the four symbols spin past you pull the handle
to choose a 4-vector. Inside the machine the symbols arslatad into numbers (lused$ 0, ¢ > 1, v -2 4 >3, € - 4, £ > 5and

s — 6) and fed into a set of four simultaneous equations (theixBjr The symbols spin on and eventually stop at the values dgyehe right
hand side of the equations. Because our field is GF(7), attdhmilations are done mod 7. Now a set of ‘Blue’ winning vegis guaranteed
by the theorem: even if the equations in the machine are aothgtreset (provided they continue to give a non-singmian-identityB) a certain
number of (Green) winning inputs is guaranteed to map tcetfiBkie) winning outputs.

In fact, Chan’s proof of the theorem is constructive, spéeg a set of Blue vectors. For our bandit, regardless ofgtsagions, they are always
(0,.5.5.9), (5.¢.$.9), ($.5.¢.9), (5.$.$, #) (these could pay $1, say);,&$.9$), ($.$,¢.9). ($.$.$.¥) (say, $2); ($5.4.9), ($.$.$,4)

($10); and ($$, $, ) (JACKPOT!). There are ten winning inputs out of the 2401gilole choices of 4-vector.
Melody Chan proved this theorem in 2004 while still an undadgate student at Yale University.
Web link: seepaper R7Gtwww.combinatorics.orfyolume 13/v13iltoc.html
Further reading: Fearless Symmetry: Exposing the Hidden Patterns of NuntdyeAvner Ash and Robert Gross, Princeton University Pre8862
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