| THEOREM OF THE DAY

The Cantor—Bernstein—Schibder TheoremLet A and B be setsfor which there exist injective mappings
from A to B and from B to A. Then there is a bijective correspondence between A and B. @
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We write A < B if A maps injectively td. The theorem justifies the notatioA:< B andB < Aif and
only if A = B. This reflects a far-reaching step in Cantor’s inventionastlimal numbers.

Web link: www.cut-the-knot.or@VhatlgInfinity/CBS.shtml The proof above is probably due to

Richard Dedekind in 1899, segipton.wordpress.coy201407/31
= _ —) Further reading: Proofs of the Cantor-Bernstein Theorem: A Mathematical Excursion by Arie
Hinkis, Birkhauser; 2013.
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We have chosen here a very simple ex
ample but one which allows us to follow
through the proof of the theorem. Our set:
A andB are the real numbei, with A rep-
resented by the horizontak, axis andB
by the verticaly, axis. Our injections are
f: A—-> Bandg : B —» A defined by
f(x) = e*andg(y) = v, respectively. Of
course,g is already a bijection betweeh
andB: it matches every point on theaxis
with the exactly corresponding point on the
x axis. Butf is not: it maps thex axis to
the positivey axis, as indicated by the green
arrows atll. The proof extends to a bi-
jection by combining it withg.
The idea is to define a functidf on sub-
sets ofA thus: F(X) = A\g(B\ f(X)). At O
and[ this is shown foiX = A, the wholex
axis: f(X) is the positivey axis; B\ f(X) is
the non-positivey axis; theng(B\ f (X)) is
the non-positivex axis; finally F(X) is the
positivex axis.
From [ onwards this is iterated: by we
have constructe&4(A) and are in the pro-
cess of constructing®(A). The crux is, it
can be shown thaty = ANF(A)NFZ(A)N...
is a fixed point ofF, i.e. F(Ay) = Ao.
This means tha”A\\g(B\f(A)) = Ao SO
g(B\ f(Ag)) = A\Ay. Et voila,
f(x) if xe Ay

fo(x) = { gl if xe A\A
is a well-defined bijection fromd to B. In
our example, is a single point: the solu-
tion to the equatior™ = X, the so-called
Omega constant, Q ~ 0.57. Result: in our
example,f, andg are identical!
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