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The Coupon Collector’s Problem 

What is the probability  of getting all four dinosaurs by opening five packets of cereal? 
 
How many functions map a domain of size 5 to a range of size 4?  

How many of these are surjective (onto)? 

1 2 3 4 



Coupon Collecting: Inclusion – Exclusion 

Number of non-surjections 
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This gives no. of non-surjections = 784. So probability of a surjection with 
5 packets of cereal is 
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Recap: Balls in bins I  

What is the probability  of getting  every one of  m  dinosaurs in a stream of  n  from the 
packet? 

How many ways of putting  n  identical balls into  m  bins?  

How many of these place at least one ball into each bin? 

1 2 3 4 

Putting  n  identical balls into  m  bins: coupon collector’s but with a single magic sugar 
puffs packet that generates a stream of dinosaurs 

Each arrow is a 
ball that hits one 
of the dinosaurs 



Recap: Balls in bins II 

So now we have  m  bins into which we place n  balls with repetition allowed 
and we want at least one ball in each bin. 
 
Basic count: number of ways to place n  balls into  m  bins: 
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E.g. 6 balls into 4 bins:  take                    places. Choose              bin markers and the 
remaining  6 places are occupied by the balls. 

                           __  __  __  __  __  __  __  __  __   =   1 ball, 0 balls, 3 balls, 2 balls     
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Recap: Balls in bins III 

What is the probability  of getting  
every one of  n  dinosaurs in a 
stream of  m  from the packet? 

How many ways of putting  n  identical balls into  m  bins?  

 

How many of these place at least one ball into each bin? 

Take  m  of the  n  balls and place one in each bin. 

Now place the remaining                balls  in all possible ways:   
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So probability of a surjection with 5 balls from the magic 
packet is 07.0
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What is the probability  of getting  
at least one of the  n  dinosaurs 
exactly once in a stream of  m  
from the packet? 

How many ways of putting  m  identical balls into  n  bins?  

 

How many of these place exactly one ball into at least one of the bins? 

Let 
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Single occupancy II 

We can try and do something similar to the approach to counting 
‘surjective ‘ placements of balls in bins.  
We’ll choose a bin and put one ball in it. Then we’ll put the remaining 
n 1 balls into the remaining m 1 bins  
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BUT this overcounts because many remaining choices will also create single occupancy bins 
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E.g.  7,5  nm

5   1 1 1 1 3   :

10 1 1 1 2 2       

20  0 1 1 1 4  :

60 0 1 1 2 3       

30  0 0 1 1 5  :

20 0 1 2 2 2       

30 0 0 1 3 3       

60 0 0 1 2 4       

20  0 0 0 1 6   :

4

3

2

1



















S

S

S

S

255)7,5( S

Total 

255550210420 

5
1)45(

)47(1)45(

4

5

50
1)35(

)37(1)35(

3

5

210
1)25(

)27(1)25(

2

5

420
1)15(

)17(1)15(

1

5

4

3

2

1

























































































T

T

T

T

Single occupancy IV 



Indeed, we have )(         ),()1(
1

1

1

1

1  









m

i

m

i
ii

i nmSST

This is because we have 
k

m

ik
i

S
i

k
T 















1
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This looks like 
inclusion – exclusion!  
If so then that would 
be the preferred way 
to count single ball 
occupancy placements. 
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Single occupancy: Inclusion – Exclusion I 

Number of single occupancies 
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Put one ball in bin i. Then put the remaining n 1 balls into 
the remaining m 1 bins  
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Single occupancy: Inclusion – Exclusion II 

Number of single occupancies 
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Single occupancy: Inclusion – Exclusion III 

Number of single occupancies 
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at singleton  with placements counts 

So my clever algorithm 
was inclusion – 
exclusion all along!  



Single occupancy: Distinguished balls I 

Number of single occupancies 
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Mappings that assign one ball to bin i. Then map the 
remaining n 1 balls to the remaining m 1 bins  
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Single occupancy: Distinguished balls II 
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Placing balls can confuse (people like me) 

The words “place 5 identical  balls into 4 bins” means it happens 
simultaneously. The balls are not identical if they arrive one by one. 

E.g. toss a coin 5 times. This is putting 5 balls into a bin called H and a bin 
called T. 
 
The outcomes are: 

H T 

5 0 

4 1 

3 2 

2 3 

1 4 

0 5 

What is the probability of 5 heads? From the table it is 1/6. 



Coin tossing: observed or not?  

E.g. toss a coin 5 times. This is putting 5 balls into a bin called H and a bin 
called T. 
 
But what if we watch as the coin is tossed. Then the outcomes we may 
observe are: 

What is the probability of 5 heads? From the table it is 1/32. The table is a 
function from a sequence of 5 tosses to two outcomes. 
 
So if we don’t watch the coin tossing we are much more likely to get  5 heads!? 

H H H H H 

H H H H T 

H H H T H 

⁞ 

H T T T T 

T T T T T 



thanks to thecatherinehuang.github.io/2020/08/18/balls-and-bins.html 

Coin tossing – the penny drops I 



thecatherinehuang.github.io/2020/08/18/balls-and-bins.html 

Coin tossing – the penny drops II 



Distinguishable vs indistinguishable I 

Conclusions  
1. The instruction ‘place n indistinguishable 
balls into m boxes’ is meaningless. 

I tried to convince myself it meant 
simultaneous placements. But this 
is just like saying preconfigured 
placements: they arrive like Tetris 
patterns, already formed.  

www.futura-sciences.com 

Maybe there is a some ball sifting 
mechanism that distributes n balls 
among m boxes so as to achieve 
indistinguishability of balls?  

en.wikipedia.org/wiki/Galton_board 

https://upload.wikimedia.org/wikipedia/commons/transcoded/d/dc/Galton_box.webm/Galton_box.webm.720p.vp9.webm


Distinguishable vs indistinguishable II 

Conclusions  
2. The phrase ‘the probability that i 
indistinguishable balls are placed in 
box j’ is without practical application. 
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Youtube channel: Aha! Problems 



Pigeonholes: where distinguishability is no threat   
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Infinitely many (distinguishable) balls 

Joseph G. Rosenstein, Linear Orderings, Academic Press, 1982. 



Ramsey’s infinite theorem in action 

Joseph G. Rosenstein, Linear Orderings, Academic Press, 1982. 



Rosenstein’s Ramsey theorem problem 



Rosenstein’s Ramsey theorem problem 

Infinite Ramsey Theorem. Suppose that each of the two-element subsets of N is coloured 
with one of two colours, B or Y, say. Then there is an infinite subset X of N all of whose two-
element subsets have the same colour. 


