| THEOREM OF THE DAY

Green’'s Theorem Let C be a closed, anticlockwise-oriented curve in the xy-plane enclosing a region D.
Let F(x,y) = (P(X,y), Q(X,y)) be a 2-valued function having continuous partial derivatives on C and @
inside D. Then
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Suppose we think oF as a force field acting in the plane.
Then the line integrafC Fds may be thought of as measur- OO
ing the total work done by acting on a patrticle as it fol- ARNNAYINAY Lt .
lows the curveC; the integral is often written in the form SN Q =Xty
fc P dx+ Qdy, making explicit the action of theandy com-
ponents of the force as the particle moves through a small in-
crement in thex andy directions. We refer to this work done
by F as the ‘circulation ofF aroundC’. Green’s Theorem
asserts that circulation arouis the accumulation of ‘mi- i
croscopic circulations’ around points @ see the illustra- |
tion on the left; these microscopic circulations are meagur

as the component perpendicular to the plane o€tinéof F;

8P
this component is calculated ag(—?
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As an illustration we tak®(x,y) = (x - y)? andQ(x,y) = X+ Y. These are plotted as surfaces in 3D on the right, and a héltiucle, closed by adjoining a segment

P
of the x-axis, is chosen as the cur@ We flnd— - (Z—y =1+ 2(x—y) and Green’s Theorem yields the vaIuengds by double integration as
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ff1+2(x y)dA = f f 1+2(x-y)dydx = f (\/1— X2+ 2XV1-x2 -1+ x2) dx = [—le— X2 + —sin‘lx— —(1—x2)3/2—x+ 3| = 2 -~ g
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Evaluating the line integral directly requires piecewisegmeterisation of the curé half-circlec,(t) = (— cost, sint),0 < t < r/2 and base,(t) = (1,0),-1 <t < 1:

7/2 7/2
f F(ca(t)) - ¢;(t) dt + f F(co(t)) - cy(t) dt = f F(cost, sint) - (— sint, cost) dt + f F(t,0)- (1,0)dt
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f Fds
C
! 4
= f (cost — sint)?(- sint) + (cost + sint) cost dt + f t?dt=-2+-+==-——, asexpected. _
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George Green published this theorem, a powerful genetialisaf the Fundamental Theorem of the Calculus, in 1828. %%

' _ ‘ Web link: mathinsight.orggreenstheoremidea(on which the above description and examples are based).
Further reading: Inside Interesting Integrals by Paul J. Nahin, Springer, 2015, Chapter 8. Created by Robin Whitty fomww.theoremoftheday. or



http://www.theoremoftheday.org/
http://www.theoremoftheday.org/Resources/Glossary.htm
http://www.theoremoftheday.org/Resources/TheoremNotes.htm#224
http://mathinsight.org/greens_theorem_idea
http://www.theoremoftheday.org/Resources/Bibliography.htm#PaulNahinTextbooks
http://www.theoremoftheday.org/Annex/taumanifesto.html
http://www.theoremoftheday.org/Analysis/FundamentalCalculus/TotDFTC.pdf
http://www.theoremoftheday.org/Theorems.html#224
http://www.theoremoftheday.org/Analysis/CoV/TotDCoV.pdf
http://www.theoremoftheday.org
http://www.theoremoftheday.org

