Noether’s Symmetry Theorem Suppose a system of particlesin classical mechanics exhibits some sym-
metry, i.e. its Lagrangian, £, isinvariant under changes to some variable s, so that 0.£/ds = 0. Then
there is some associated property C of the systemwhich is conserved: dC/dt = 0. k
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The behaviour of a system of particles in classical meclsami@y be described using the Lagrangi&nthe dtference between its kinetic and
potential energies as calculated from position and velg@arametersy andg. (In the above one-dimensional system of massless sptimgs,
parameters arg andx, i = 1,..., 3, with kj; being the spring cdicients andmn, the masses.) Newton’s laws of motion are then embodied in
the Euler-Lagrange equatiofL/dq = d/dt(0L/d§). Under the belief that mechanical laws are invariant owveet, we assert thal.L/ot = 0

so that changes ifl over time depend purely on changes to its parameters:

= Z(Gq. T dt) Z(q dag T aq dt)(substltutlr;giln the first term via the Euler-Lagrange etqumt

Rearranging and expressing as a single t|me derivative, awegr Z g—=—) = 0, with the expression in the bracket being a conserved

property of the system. Evaluating this bracketed expoedsir the sprlng system shown above we get 2T, and sinceL = T -V, we find
that the property being conserved is (mintis} V, the total energytime invariance < conservation of energy.

Emmy Noether’s theorem, proved shortly after she took upst famdticial and unpaid) at Gttingen University in 1915, is
a profound reinterpretation of the Euler-Lagrange equatibextends to quantum mechanical systems and now unsiénke
Standard Model of modern particle physics. Just as in thgeabrample, new invariance properties are investigatetheia
theorem to identify the conservation laws which they entalil

Web link: www.mathpages.cofnomegkmath564kmath564.htn{l adapted the spring example from this admirable explanati
Further reading: The Noether Theorems: Invariance and Conservation Laws in the Twentieth Century, by Yvette Kosmann-Schwarzbach

_ _ ‘ (transl. Bertram E. Schwarzbach), Springer, New York, 2011 Created by Robin Whittyfcm/ww.theoremoftheday.or
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