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The Collatz conjecture
Notes for LSBU Maths Study Group talk, 10 Sep 2026

Tony Forbes

At an Open University mathematics summer school we were given a list of
problems to work on during our leisure time. One of them was the Collatz
conjecture. I became interested, and I as well as others spent far too much
leisure time messing around with it without, of course, getting anywhere
near finding a proof. Eventually I gave in. The Collatz conjecture had won,
and I promised I would never again under any circumstances whatsoever
have anything further to do with it.

Define the integer functions f(n) and f*(n) by:

3n+1

f(n) g if nis even, f(n) = 5 if n is odd, (1)

') = n, fn) = f(fF(n)) for k> 0.

Conjecture 1. For every positive integer n, there is a positive integer k
such that f*(n) = 1.

Conjecture 1 is open, but it has been verified to at least 27! by David Barina,
[1].
The stopping time is defined by
s(n) = min{k: f¥(n) < n} if such k exists,

s(n) = oo otherwise.

In particular, s(0) = s(1) = oco. One way to prove Conjecture 1 is to
show that every integer greater than 1 has a finite stopping time. The total
stopping time is defined by

t(n) = min{k: f*(n) = 1} if such k exists,

t(n) = oo otherwise.
An alternative definition to (1) is

g(n) = g if niseven, g¢g(n) = 3n+1 if nis odd.
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One obvious difference is that stopping times are usually longer. Wikipedia
employs both definitions with the same notation, f, for both varieties (!).
Another alternative is to ignore even numbers and define the odd-number
function

n > largest odd divisor of 3n + 1.

We shall stick to f(n) as in (1).

For any given b and variable a, it is always possible to compute f*(2¥a+
b) without knowing the parity of a. To see this, consider the worst case,
b=2F —1. For k> 1, we have

f@Fa+28F —1) = 3.2 g 43.2M1 1,

and we have traded a 2 for a 3. Clearly we can carry on like this until we
run out of 2s. The next iteration produces 9224 +9.2¥"2 -1, ... and
the final iteration produces 3¥a + 3% — 1.

More generally we have
FH(2fa+b) = 3ma+ M), (2)

where m is the number of odd numbers encountered (i.e. acted on by f)
during the calculation of f¥(b). The coefficient 3™ of @ is independent of a;
it depends only on the behavior of b. Take, for example,

320 +1 = 48a+2 — 24a+1 — 36a+2 — 18a+1 — 27a+2.
The final constant is f5(1) = 2, and the coefficient of a is 3% because we

encountered 3 odd numbers.

One possible way to attack Conjecture 1 is to show that for all b, there
is a k such that the coefficient of a in f¥(2¥a+b) is less than 2*. See Lynne
Garner’s paper, [4].

One can imagine testing each number 1, 2, 3, ... in turn. Clearly, when
testing n after all numbers less than n are known to satisfy Conjecture 1,
it is sufficient to iterate f only up to the stopping time s(n). Moreover,
we can shorten the work even further by identifying entire residue classes
modulo powers of 2 that do not need to be tested.

Let the first counter-example be c¢. To start things off we have
f(2a) = a < 2a = cmust be odd.

On the other hand, f(2a +1) = 3a + 2 > 2a + 1 from which we deduce
nothing useful about odd numbers. Next,

fP(4a+1) = 3a+1 < 4a+1 = c#1 (mod 4).
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But f?(4a + 3) = 9a + 8 > 4a + 3. To eliminate the other residue class
modulo 4, we try f3(8a + 3) = 9a + 4 and f3(8a + 7) = 27a + 26, both of
which fail. So we go to 16:

fY(16a+3) = 9a+2 < 16a+3 = c# 3 (mod 16).

Thus we have eliminated all residue classes modulo 16 except 7, 11, 15 as
possible first counter-examples. However,

f4(16a +7) = 27a + 13,
f4(16a +11) = 27a + 20,
f*(16a +15) = 8la + 80,

and to attempt to deal with these, we move to the next power of 2. Now
we have

f5(32a+11) = 27a+10 and  f5(32a +23) = 27a+20

to eliminate residue classes 11 and 23 modulo 32. That leaves 4 residue
classes {7, 15, 27, 31} modulo 32 for the next stage to deal with. The next
stage doesn’t achieve anything, and so we must go to modulo 128 to process
{7, 15, 27, 31, 39, 47, 59, 63}.

For tidiness, we could express our results so far as a string of 64 bits
representing b =0,1,2,...,63:

1111111011111110111111111110111011111110111111101111111111101110,

where 1 indicates good modulo 64 because we have eliminated the corre-
sponding b as the residue class modulo 64 of a possible counter-example, and
0 indicates bad modulo 64 because we haven’t. When we go from modulo
2F to 2F*+1 we initially double the number of zeros but the ratio (number of
zeros) /281 is unchanged. We hope to eliminate more zeros to reduce the
ratio further; but this does not always happen, as in going from k = 2 to
k =3 and from k =5 to k = 6 for example.

Taking the computations a little further, we present some results in the
table on page 7. The sequence in column 5 is OEIS A076227. Also see 3]
and [6].

For k > 2, a simple observation is that residue class b modulo 2* is good
if b € {0,1} or b has s(b) < k, otherwise b is bad modulo 2¥. Furthermore,
we can identify good b modulo 2 as those b where m, the number of odd
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integers encountered during the calculation of f*(b) satisfies

klog2

= 0.630929753571457437 k.
log 3

A b that is bad modulo 2* can become good modulo 2¢ for some £ > k.

We cannot eliminate residue class 2 — 1 modulo 2*. As we have seen,
fFka 428 —1) = 3Fa+3% -1,

which is too big. So 2¥ — 1 is bad modulo 2* for every positive integer k.

On the other hand, one can—as indeed Terras, [5], has already done
so—concoct a proof that the ratio in column 6 of the table tends to zero,
and therefore almost all n > 2 have finite stopping times.

From column 4 we see that are no good b modulo 2% for
ke {3,6,9,11,14,17,19, 22, 25,28, 30, 33, 36, 38, ... }.

This happens whenever

k k—1
— = —_— . 3
) = lomw )
Consequently a bad b modulo 2~! encounters more than k/(log,(3) odd
numbers during the computation of f*~!(b) and is therefore bad modulo
2% Moreover, by (2) the same is true for 25! + b modulo 2*. So when k
satisfies (3) we do not need to do any testing.

For a completely different approach, one can estimate the lengths of cycles
that might occur during the iteration of the Collatz function.

A cycle Q of length r is a sequence of r distinct positive integers

Q = (n,f(n), f*(n),.... £ (n))

such that f"(n) = n. The obvious examples are (), (1,2) and (2, 1), which
we refer to as trivial cycles.

Lemma 1. Let Q be a cycle and let Qoqq be the set of odd numbers in €.

Then
11 <3+1> = 29,
n

nENodd
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Proof This is [2, Lemma 2.2]. Clearly we have

IS

neQ
Hence
In+1 1
it =1
nENsda NENeven
from which the theorem follows. O

Theorem 1. Let Q be a non-trivial cycle and let Qoqq be the set of odd
numbers in Q. Let m be the smallest number in Q and let M be the largest
number in Q. Then

1 Ie] ( 1)
lo 3+—) < < lo 3+—. 4
6 (3457) < o < tow (34 (@

Proof This is [2, Theorem 2.1]. From Lemma 1 we have

1 [Qo4al <l 1 [Qodal
3+ — 2 3+ —
(r) <2< (+0)

since |Qogq| must be greater than 1. Now take base-2 logarithms. a

We can use Theorem 1 to obtain a lower bound for the length of a non-
trivial cycle. First, we choose the constants M and m. In the absence of
any data we put M = oco. For m, however, we have the result of Barina,

[1]. There are no non-trivial cycles containing numbers less than 271, So we
put m = 271, Thus we have
] 71
log, (3) < < logy (3+277). (5)
|Q0dal

A good place to look for solutions of (5) is amongst the superior con-
vergents of the continued fraction for log,(3) = 1.58496, starting with

D 2 8 65 485 24727

g 175417 3067 15601 "’
and continuing until we find one which works. We succeed with

1 217976794617

- 6
|Qodal 137528045312 (6)
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corresponding to the continued fraction
[1;1,1,2,2,3,1,5,2,23,2,2,1,1,55,1,4,3,1,1,15,1,9, 2].

I have ignored the possibility of a smaller solution to (5) which is not a
convergent to log,(3) (perhaps by subtracting 1 from the numerator and
denominator in (6)). That detail is addressed in [2], and there are none.
Therefore, as is noted by Barina, [1], we can conclude that the smallest
non-trivial cycle has at least 217976794617 elements.

Looking at the definition of f(n), we see that approximately we are
multiplying even n by 1/2 and odd n by 3/2. More generally, given a
constant m, define F(m,n) by

F(m,n) = g if nis even, F(m,n) = [mn] if n is odd.

Thus m = 3/2 recovers the original definition of f(n).

With m = 11/10 we appear to get a similar situation. All numbers from
2 up to at least 1000000000 have finite stopping times.

With m = 21/10 integers 1, 2, ..., 28 have small total stopping times.
However, the first 2000000 iterates of 29,

61,129, 271,570, 285,599, 1258, 629, 1321, 2775, 5828, 2914, 1457,

3060, 1530, 765, 1607, 3375, 7088, 3544, 1772, 886, 443,931, 1956, 978,
489,1027,2157,4530, 2265, 4757, 9990, 4995, 10490, 5245, 11015, 23132,
11566, 5783, 12145, 25505, 53561, 112479, 236206, 118103, 248017, . . .,
F2000000(91 /10,29) = 5.21572763834123 x 1021119,

suggest that [%(21/10,29) might diverge to infinity as & — co. A proof one
way or the other would be nice.
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k/ |good b (2%)| |bad b (2%)| |bad b (2F)]
k 2k log,(3) created by at end of fraction,
stage k stage & (column 5) /2%
1 2 0.6309 1 1 0.500
2 4 1.262 1 1 0.250
3 8 1.893 0 2 0.250
4 16 2.524 1 3 0.188
) 32 3.155 2 4 0.125
6 64 3.786 0 8 0.125
7 128 4.417 3 13 0.102
8 256 5.047 7 19 0.0742
9 512 5.678 0 38 0.0742
10 1024 6.309 12 64 0.0625
11 2048 6.940 0 128 0.0625
12 4096 7.571 30 226 0.0552
13 8192 8.202 85 367 0.0448
14 16384 8.833 0 734 0.0448
15 32768 9.464 173 1295 0.0395
16 65536 10.09 476 2114 0.0323
17 131072 10.73 0 4228 0.0323
18 262144 11.36 961 7495 0.0286
19 524288 11.99 0 14990 0.0286
20 1048576 12.62 2652 27328 0.0261
21 2097152 13.25 8045 46611 0.0222
22 4194304 13.88 0 93222 0.0222
23 8388608 14.51 17637 168807 0.0201
24 16777216 15.14 51033 286581 0.0171
25 33554432 15.77 0 573162 0.0171
26 67108864 16.40 108950 1037374 0.0155
27 134217728 17.04 312455 1762293 0.0131
28 | 268435456  17.67 0 3524586 0.0131
29| 536870912  18.30 663535 6385637 0.0119
30| 1073741824 18.93 0 12771274 0.0119
31| 2147483648 19.56 1900470 23642078 0.0110
32| 4294967296 20.19 5936673 41347483 0.00963
33| 8589934592 20.82 0 82694966 0.00963
34| 17179869184 21.45 13472296 151917636 0.00884
35| 34359738368 22.08 39993895 263841377 0.00768
36 | 68719476736 22.71 0 527682754 0.00768
37 (137438953472 23.34 87986917 967378591 0.00704
38 1274877906944 23.98 0 1934757182 0.00704
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Fraction of bad residue classes modulo 2¢
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