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CHAPTER 2

GENERALITIES ABOUT PARTIAL ∗-ALGEBRAS

2.0 Introduction:

A brief account of partial ∗-algebras will be given in this section. Partial

∗-algebras are generalizations of ∗-algebras in which the usual requirement

of closure under multiplication is waived. Such ∗-algebras have often been

encountered in mathematical physics, especially quantum field theory and

quantum statistical mechanics [158, 160], and were first rigorously introduced

by Borchers [52]. To develop the theory of these structures, several authors

[11, 14, 21, 22, 25, 27, 30, 75, 76, 80, 82, 83, 87, 88, 89, 90] have recently

embarked on the systematic extension of a number of notions and results

in the theory of ∗-algebras, especially C∗− and W ∗−algebras, to the more

general partial ∗-algebraic context.

In the rest of this section, we outline some of the fundamental notions

employed in the sequel.

2.1 Fundamental Notions:

2.1.1 Definition (Partial ∗-Algebra):

A partial ∗-algebra is a quadruplet (A,∗ , ·, Γ) consisting of a complex involu-

tive linear space A with involution ∗, a partial multiplication ·, and a relation

Γ ⊂ A×A on A such that



(i) (x, y) ∈ Γ ⇔ (x · y) ∈ A;

(ii) (x, y), (x, z) ∈ Γ ⇒ (x, αy + βz) ∈ Γ; and in that case,

x · (αy + βz) = α(x · y) + β(x · z), ∀ α, β ∈ IC, the complex numbers;

(iii) (x, y) ∈ Γ ⇔ (y∗, x∗) ∈ Γ; and in that case, (x · y)∗ = y∗ · x∗

2.1.2 Remark:

Let (A,∗ , ·, Γ) be a partial ∗-algebra. As only certain pairs of members of A

may be multiplied, the operation · is , in general, nonassociative. Therefore,

there is the need to isolate those members of A which can multiply a given

element or set of elements. This leads us to the notion of multipliers.

2.2 Multipliers

Whenever (x, y) ∈ Γ, we say that x is a left multiplier of y and y a right

multiplier of x, and write x ∈ L(y) and y ∈ R(x) respectively. By (ii),

L(x) and R(x) are vector subspaces of A. We also note that the partial

multiplication ·, is distributive over addition in the following sense: if

(x, y) ∈ Γ and (x, z) ∈ Γ then

x · y + x · z = x · (y + z)

Furthermore, for a subset C ⊆ A, we shall use the following notation:

R(C) =
⋂

x∈C

R(x)

- universal right multipliers of every member of C;

L(C) =
⋂

x∈C

L(x)



- universal left multipliers of every member of C;

M(C) = L(C) ∩R(C)

- universal multipliers of every member of C.

In particular, the set

M(x) = L(x) ∩R(x)

consists of the universal multipliers of x.

Notice that the partial multiplication is not required to be associative, but

it must be distributive with respect to the addition by (ii).

2.2.1 Remark: Employing the notion of a right or left multiplier; we can

avoid any explicit reference to the relation Γ in the definition of a partial

∗-algebra. Obviously,

(x, y) ∈ Γ ⇔ x ∈ L(y)(⇔ y ∈ R(x))

Therefore, we may replace the relation (x, y) ∈ Γ by x ∈ L(y) or y ∈ R(x).

We shall adopt this approach and refer to (A,∗ , ·) as a partial ∗-algebra.

2.2.2 Definition: A partial ∗-algebra (A,∗ , ·) is called unital if A contains

an element e called a unit satisfying e ∈ M(A) = R(A) ∩ L(A), e∗ = e and

e · x = x = x · e, ∀x ∈ A. A unit of a unital partial ∗-algebra is unique [88].

2.2.3 Remark: As earlier mentioned that the partial multiplication of a

partial ∗-algebra A is in general nonassociative. However, it is possible to

endow it with a notion of associativity. One such definition is the following.

A partial ∗-algebra A is associative if the following condition holds for any



x, y, z ∈ A: whenever x ∈ L(y), y ∈ L(z) and x · y ∈ L(z), then y · z ∈ R(x)

and one has

(x · y) · z = x · (y · z).

However, this condition is extremely restrictive and rarely realized in prac-

tice. There are, however, several interesting examples where a weaker form

of associativity holds true. Therefore, we shall employ the following weaker

concept.

2.2.4 Definition (Semiassociativity): A partial ∗-algebra (A,∗ , ·, Γ) is said

to be semiassociative if x, y ∈ A, with y ∈ R(x) implies y ·z ∈ R(x) for every

z ∈ R(A) and one has (x · y) · z = x · (y · z).

This lack of associativity makes, for instance, the structure of abelian partial

∗-algebras much trickier than usual.

We remark that when A is semiassociative, then both L(A) and R(A) are

algebras [but, in general, not ∗-algebras, since L(A)∗ = R(A) and R(A)∗ =

L(A), where C∗ = {x∗ : x ∈ C}, for C ⊆ A].

To prove that

L(A)∗ = R(A) and R(A)∗ = L(A)

Let z ∈ R(A), then (x · z)∗ = z∗ · x∗, ∀ x ∈ A

= z∗ · y, ∀ y ∈ A.

Thus,

z ∈ R(A) ⇒ z∗ ∈ L(A)



⇒ z ∈ L(A)∗

⇒ R(A) ⊆ L(A)∗

Similarly, let z∗ ∈ L(A)∗ ⇒ z ∈ L(A), then

(z · x)∗ = x∗ · z∗, ∀ x ∈ A

= y · z∗, ∀ y ∈ A

Thus,

z∗ ∈ L(A)∗ ⇒ z ∈ L(A)

⇒ z∗ ∈ R(A)

⇒ L(A)∗ ⊆ R(A)

Hence

R(A) ⊆ L(A)∗ and L(A)∗ ⊆ R(A)

altogether imply that L(A)∗ = R(A).

Also, one can show analogously that R(A)∗ = L(A). Therefore, L(A) and

R(A) are not ∗-algebras, in general.

M(A) is a ∗-algebra, since

M(A)∗ = (L(A) ∩R(A))∗ = R(A)∗ ∩ L(A)∗ = L(A) ∩R(A)

= M(A)

For: M(A)∗ = (L(A) ∩R(A))∗ = {e∗ : e ∈ L(A) and e ∈ R(A)}

= {e∗ : e ∈ L(A) ∩R(A)}



= {e∗ : e ∈ R(A)∗ and e ∈ L(A)∗}

= {e∗ : e ∈ R(A)∗ ∩ L(A)∗}

= {e∗ : e ∈ (L(A) ∩R(A))∗}

= {e : e∗ ∈ L(A) ∩R(A)}

= {e : e∗ ∈ M(A)}

This shows that M(A)∗ = (L(A) ∩R(A))∗ = R(A)∗ ∩ L(A)∗.

To prove that

M(A)∗ = M(A)

Let a ∈ M(A) = L(A) ∩R(A)

⇒ a ∈ L(A) and a ∈ R(A)

⇒ a∗ ∈ L(A)∗ and a∗ ∈ R(A)∗

⇒ a∗ ∈ L(A)∗ ∩R(A)∗

⇒ a ∈ (L(A)∗ ∩R(A)∗)∗ = (R(A) ∩ L(A))∗

= M(A)∗

⇒ M(A) ⊆ M(A)∗

Also, let a ∈ M(A)∗ = (R(A) ∩ L(A))∗

⇒ a∗ ∈ R(A) ∩ L(A)

⇒ a∗ ∈ R(A) and a∗ ∈ L(A)

⇒ a ∈ R(A)∗ and a ∈ L(A)∗

⇒ a ∈ L(A) and a ∈ R(A)

⇒ a ∈ L(A) ∩R(A) = M(A)



⇒ M(A)∗ ⊆ M(A)

Thus

a ∈ M(A) ⇒ a ∈ M(A)∗ and a ∈ M(A)∗ ⇒ a ∈ M(A),

altogether imply that M(A) ⊆ M(A)∗ and M(A)∗ ⊆ M(A)

Whence, M(A) = M(A)∗, showing that M(A) is a ∗-algebra. This completes

the proof.

2.2.5 Definition (Abelian Partial ∗-Algebra): A partial ∗-algebra A is said

to be abelian, or commutative, if the following conditions hold.

(i) (x, y) ∈ Γ ⇔ (y, x) ∈ Γ; x, y ∈ A;

(ii) x · y = y · x, (x, y) ∈ Γ.

Equivalently,

(i’) R(x) = L(x),∀ x ∈ A, i.e. y ∈ R(x) implies y ∈ L(x).

(ii’) x · y = y · x, ∀x ∈ A, y ∈ R(x).

2.3 Examples of Partial ∗-Algebras

We now give some examples of partial ∗-algebras.

2.3.1 Example: Partial ∗-algebras of functions

Let Ω be a Lebesgue-measurable set in IRn, as usual, we denote by Lp(Ω),

the Banach space of all measurable functions

f : Ω → IC such that ‖f‖p ≡
(∫

Ω
|f |pdt

) 1
p

< ∞

For f, g ∈ Lp(Ω), consider the following set of real numbers:

ω(f) = {q ∈ [1,∞) : ‖f‖q < ∞}



We can now define a partial multiplication in Lp(Ω), taking Γ as

Γ = {(f, g) ∈ Lp(Ω)× Lp(Ω) : ∃r ∈ ω(f), with

pr(r − p)−1 ∈ ω(g)}

By Hölder’s inequality, (f, g) ∈ Γ implies that the (ordinary) product fg

belongs to Lp(Ω) = A.

For: from r ∈ ω(f) and pr(r − p)−1 ∈ ω(g), we have

1

r
+

r − p

pr
=

p + r − p

pr
=

1

p

implying that fg ∈ Lp(Ω) = A.

Thus, Lp(Ω) = A equipped with a partial multiplication is an algebra.

2.3.2 Remark: Ordinarily, (f, g) ∈ Lp(Ω)×Lp(Ω) implies that the pointwise

product fg belongs to L
p
2 (Ω). That is Lp(Ω) is not closed under ordinary

multiplication, hence Lp(Ω) is not an algebra, since for each pair of elements

f, g ∈ Lp(Ω), a product fg ∈ Lp(Ω) may not be defined.

But a partial multiplication can be defined, taking a relation

Γ ⊂ Lp(Ω)× Lp(Ω) = A×A as above

2.3.3 Example: Partial ∗-algebras of polynomials

Let B(z) be the set of all complex polynomials of arbitrary degree in the

real variable z. B(z) is an abelian ∗-algebra (where ∗ is understood to be the

complex conjugation), but it contains plenty of abelian partial ∗-algebras.

Consider, for instance, a subset Br(z) of B(z), defined by

Br(z) = {p(z) ∈ B(z) : δp ≤ r},



where we denote by δp the degree of the polynomial p. It is readily checked

that Br(z) is an abelian partial ∗-algebra with respect to

Γ = {(p, q) ∈ Br(z)× Br(z) : δp + δq ≤ r}

On the contrary, suppose Γ were not as defined above and we define an

ordinary multiplication in Br(z) as follows: If p(z) ∈ Br(z), where δp = r

and q(z) ∈ Br(z), where δq = r, r > 0; then p(z).q(z) = v(z), say, where

δpq = δv = r + r = 2r > r, ∀r > 0. That is the polynomial

v(z) = p(z) · q(z) ∈ B2r(z)

i.e., v(z) = p(z) · q(z) 6∈ Br(z).

Hence ordinary multiplication in Br(z) is not closed.

2.3.4 Example: Topological quasi ∗-algebras [87].

Let (Ao,
∗ , ·, τ) be a topological ∗-algebra with involution ∗, product ·, and

topology τ . By definition, the involution and all algebraic operations on A0

are τ -continuous. The τ -completion of the ∗-algebra (A0,
∗ , ·) is called a quasi

∗-algebra and will be denoted by A[τ ]. In A[τ ], multiplication may no longer

be continuous but one sees easily that A[τ ] is an A0-bimodule. The set Γ of

pairs in A[τ ] for which products exist is given by

Γ = {(x, y) ∈ A[τ ]×A[τ ] : either x or y lies in A0}.

It follows that every quasi ∗-algebra has the structure of a partial ∗-algebra

when we take A as the underlying linear space of A[τ ].



Let us give a concrete example: Take A0 = C0(Ω), the space of continuous

functions on a finite interval Ω ⊂ IR, with pointwise multiplication and an

Lp-norm (1 ≤ p < ∞). Then A = Lp(Ω, dt) is an abelian, nonassociative,

topological quasi ∗-algebra, and therefore L(A) = R(A) = A0.

2.3.5 Example: Infinite matrices and kernel

The space M∞ of infinite matrices carries a very natural structure of partial

∗-algebra [96]: the multiplication of two matrices (amn), (bmn) is well-defined

iff ∑
k

amkbkn < ∞.

In addition, M∞ contains a relevant partial ∗-algebra, that of square matri-

ces. This is the only one which may represent a partial ∗-algebra of closable

operators.

In the same spirit, the space of distribution kernels [92], which can be identi-

fied with the space D′(Ω×Ω) of distributions on Ω×Ω, can be made into a

partial ∗-algebra. The definitions, in this case, are trickier and involve certain

families of spaces between D(Ω) and D′(Ω). In this case also one can select

a partial ∗-algebra of distribution kernels which represent closable operators

in L2(Ω) [92].

Finally, a class of concrete partial ∗-algebras which are, in general, not quasi

∗-algebras may be described as follows: To each pair (D, H), consisting of a

pre-Hilbert space D with completion H, whose inner product and norm are

denoted by < ., . >H and ‖ · ‖H , respectively, we associate the set L†(D, H)

of all linear maps A from D to H satisfying D(A∗) ⊃ D, where D(T ) denotes



the domain of T and A∗ is the adjoint of A. Then, L†(D, H) is an involu-

tive linear space when supplied with the usual notions of addition and scalar

multiplication, and the involution

A 7−→ A† = A∗ | D, A ∈ L†(D, H).

Furthermore, by defining Γ as

Γ = {(A1, A2) ∈ L†(D, H)×L†(D, H) : A2D ⊂ D(A†∗
1 ) and A†

1D ⊂ D(A∗
2)}

a partial multiplication • is induced on L†(D, H) if we define A1 • A2 as

A†∗
1 A2 whenever (A1, A2) ∈ Γ. The quadruplet (L†(D, H),† , •, Γ) is therefore

a partial ∗-algebra, denoted in the sequel by L†
ω(D, H). This partial ∗-algebra,

which is, in general, not a quasi ∗-algebra, has been studied by Antoine

and his collaborators [21, 22, 25, 27] and also independently by Ekhaguere

[75, 76, 77, 78, 79, 80, 81, 82, 83, 84, . . . , 91].
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