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Matrix norms

A matrix norm is a mapping from m × n matrices to the positive
reals.

The idea is to measure how ‘big’ the matrix is or, equivalently, how
big is the distance between two matrices.

Write ‖A‖ for (some version of) the norm of matrix A. We require:

1. ‖A‖ ≥ 0, with equality only for the all-zeros matrix;

2. for scalar α, ‖αA‖ = |α|‖A‖;
3. ‖A+ B‖ ≤ ‖A‖+ ‖B‖ (triangle inequality).

Most matrix norms are really just vector norms: we think of the
m × n matrix A as a concatenation of its m rows to form a vector
of length mn. However, a matrix norm can summarise the analysis
of a matrix, notably relating to its singular value decomposition.
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The Frobenius norm

Let A be an m× n matrix over the reals. The Frobenius norm of A
is defined to be

‖A‖F =

√

√

√

√

m
∑

i=1

n
∑

j=1

a2ij .

As a calculation this is really just the Euclidean distance norm on a
vector. Thus in the following picture:

if point P is specified as a column
vector of coordinates P = (a, b, c)T

then the distance of P from the ori-
gin is ‖P‖F (treating P as a 3 × 1
matrix).
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The matrix inner product

Recall that the trace of a square matrix A, denoted Tr(A), is the
sum of its diagonal elements.

Take the space of m × n matrices. We can make this an inner
product space by defining the inner (scalar) product of A and B as
〈A,B〉 = Tr(ATB).

E.g. A =

(

2 0 3
3 1 −2

)

,B =

(

5 3 2
−2 −2 3

)

〈A,B〉 = Tr









2 3
0 1
3 −2



×
(

5 3 2
−2 −2 3

)





= Tr





4 0 13
−2 −2 3
19 13 0



 = 2.

Robin Whitty The Frobenius Norm



Frobenius norm as a matrix trace

The inner product 〈A,B〉 is
often called the Frobenius
inner product (I think this
came first and gave its name
to the norm. Frobenius was
among those making linear
algebra rigorous in the sec-
ond half of the 19th cen-
tury).

We can transfer the trace
calculation to ‖A‖F (which is
actually our main interest).

We achieve this by writing ‖A‖F =
√

〈A,A〉 =
√

Tr(ATA).
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The Frobenius norm is the trace of a symmetric matrix

The 2× 3 case is representative:

A =

(

a b c

d e f

)

, ‖A‖F =
√

a2 + b2 + c2 + d2 + e2 + f 2 ;

Tr(ATA) = Tr









a d

b e

c f



×
(

a b c

d e f

)





= Tr





a2 + d2 ab + de ac + df

ba + ed b2 + e2 bc + ef

ca + fd cb + fe c2 + f 2





= a2 + d2 + b2 + e2 + c2 + f 2

= ‖A‖2F .
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Singular values

Let A be a matrix of size m × n over the reals. ATA is an m ×m

symmetric matrix.

Take the eigenvalues of ATA in nonincreasing order. Suppose
these are λ1 ≥ λ2 ≥ . . . ≥ λm.

Real symmetric matrices have real nonnegative eigenvalues, so we
can specify the nonincreasing sequence of m nonnegative real
values σi =

√
λi , i = 1 . . .m. These are the singular values of A.

E.g. A =

(

2 0 3
3 1 −2

)

ATA =









2 3
0 1
3 −2



×
(

2 0 3
3 1 −2

)



 =





13 3 0
3 1 −2
0 −2 13



 .

The eigenvalues of ATA are 14, 13, 0; the singular values are√
14,

√
13, 0.
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Meaning of singular values

Let A be a matrix of size m× n over the reals, with singular values
σ1 ≥ σ2 ≥ . . . ≥ σm. Then the maximum value of ‖Ax‖, where x

ranges over unit vectors in R
n, is the largest singular value σ1, and

this is achieved when x is an eigenvector of ATA with eigenvalue
σ2
1 .

Think of our sphere as being radius 1 with centre at the origin.
Point P is one of the unit vectors.

Suppose A is 3×2. As a linear oper-
ator this will create a stretching of a
projection of the unit sphere in two
dimensions. We want to know how
much it is stretched and in which di-
rections.
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Singular values example
E.g. For a point x = (x1, x2, x3) on the unit sphere, what is the
largest value of

‖Ax‖ =

w

w

w

w

(

2 0 3
3 1 −2

)

× (x1, x2, x3)
T

w

w

w

w

?

The largest singular value is
√
14 ≈ 3.74. The unit vector which is

stretched this far is the unit eigenvector corresponding to
eigenvalue 14 of ATA.





13 3 0
3 1 −2
0 −2 13



× 1√
14





3
1

−2



 =
1√
14





42
14

−28



 .

Indeed,

(

2 0 3
3 1 −2

)

× 1√
14





3
1

−2



 =
1√
14

(

0
14

)

.
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Secondary singular values
The second largest singular value, σ2, is the maximum value of
‖Ax‖ over unit vectors orthogonal to the eigenvector of σ1.
E.g. Continuing our analysis of

‖Ax‖ =

w

w

w

w

(

2 0 3
3 1 −2

)

× (x1, x2, x3)
T

w

w

w

w

,

the second largest singular value of A is
√
13. The unit vector

which is stretched this far, othogonal to (0, 1)T , is the unit
eigenvector corresponding to eigenvalue 13 of ATA.





13 3 0
3 1 −2
0 −2 13



× 2√
13





1
0

3/2



 =
2√
13





13
0

39/2



 .

Indeed,

(

2 0 3
3 1 −2

)

× 2√
13





1
0
3/2



 =
2√
13

(

13/2
0

)

.
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Singular value decomposition

Let A be an m × n matrix of rank r . Then A can be written as a
product

UΣV T ,

where

◮ U is an m ×m orthogonal matrix.

◮ V is an n × n orthogonal matrix.

◮ Σ is an m × n matrix whose ith diagonal entry equals the ith
singular value σi for i = 1, . . . , r . All other entries of Σ are
zero.

The columns of V are orthonormal eigenvectors v1, . . . , vn of ATA,
where ATAvi = σ2

i vi .
If i ≤ r , so that σi 6= 0, then the ith column of U is σ−1

i Avi . These
columns are orthonormal, and the remaining columns of U are
obtained by arbitrarily extending to an orthonormal basis for Rm.
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SVD example

Continuing with our example A =

(

2 0 3
3 1 −2

)

.

We know that Σ =

(

σ1 0 0
0 σ2 0

)

=

(
√
14 0 0

0
√
13 0

)

.

Columns of V corresponding to σ1 and σ2 are, respectively,

1√
14





3
1

−2



 , 2√
13





1
0
3/2



, σ3 = 0 appends
√

2
91





−3/2
13/2
1



.

And already ΣV T =

(

3 1 −2
2 0 3

)

.

So premultiplying by U just has to permute rows. And indeed, the
columns of U are:

1√
14
Av1 =

(

0
1

)

and 1√
13
Av2 =

(

1
0

)

.
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SVD calculator screen 1/3
You can experiment online with a (probably AI-generated)
calculator (www.emathhelp.net/calculators/linear-algebra/svd-calculator/):

Note that these are scalar mul-

tiples of my choice of eigenvec-

tors.

(www.emathhelp.net/calculators/linear-algebra/svd-calculator/)
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SVD calculator screen 2/3

... continuing with the third of the three eigenvectors:

The columns of U change

because of the different

eigenvectors.
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SVD calculator screen 3/3

... concluding with the UΣV T decomposition:

So SVD is not unique. The

singular values are uniquely

determined.
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Singular values and the Frobenius norm

We write A = UΣV T , U,V orthogonal (transpose is inverse).
Multiplying vectors by an orthogonal matrix does not change the
Euclidean norm of the vector (orthogonal matrices form a group
which is precisely the group of distance-preserving
transformations). So we have

‖A‖2F = ‖Σ‖2F = σ2
1 + σ2

2 + . . . + σ2
m.

Here is a quote from a (probably AI-generated) explanation:

This formula illuminates what the Frobenius norm is

really measuring: it is the total energy spread across all

the “modes” of the matrix, where each singular value σi
is the amplitude of the ith mode. A matrix concentrated

in a single mode has most of its Frobenius norm in σ2
1 ; a

matrix that spreads energy evenly across many directions

will have many comparable singular values.
lessonsvault.app/lessons/mathematics/frobenius-norm/
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SVD and other norms

There appear to be at least two other matrix norms on offer for a
matrix A :

Spectral norm: ‖A‖2 = σ1, the largest singular value of A.

Nuclear norm: ‖A‖∗ =
∑

σi , the sum of the singular values of A.

I don’t know anything about these but apparently they satisfy
some pretty inequalities:

‖A‖2 ≤ ‖A‖F ≤
√
r ‖A‖2,

‖A‖F ≤ ‖A‖∗ ≤
√
r ‖A‖F ,

where r is the rank of A.
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The Frobenius norm gets an online calculator too!

lessonsvault.app/lessons/mathematics/frobenius-norm/

This is the image on my title slide. The calculator only seems to
do 3× 3 matrices but this is OK because my interest in the
Frobenius norm doesn’t go beyond square matrices. In fact, my
interest is specifically in skew-symmetric matrices (AT = −A), like
the one shown.
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Frobenius norms for skew-symmetric matrices

For a matrix X denote by S(X ) the sum of the elements of X

Let A be an n × n skew-symmetric matrix.

Let Â be the (n+ 1)× (n+ 1) matrix formed from A by adding an
n + 1th row and column having minus the column (respectively
row) sums of A.

E.g. A =





0 −1 2
1 0 −3

−2 3 0



 , Â =









0 −1 2 −1
1 0 −3 2

−2 3 0 −1
1 −2 1 0









Then
‖Â‖F = ‖A‖F + 2S(A2).

This is maybe only interesting (only to me) because it’s a step on
the way to linking my triangle area matrices.
As well as the (probably AI-generated) webpages cited in previous slides I found some lecture notes by Michael

Hutchings at Berkeley very clear and helpful: math.berkeley.edu/∼hutching/teach/54-2017/svd-notes.pdf
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