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1 Introduction

Heinz Hopf, one of the pioneers of Algebraic topology, first introduced these algebras
in connection with the homology of Lie groups in 1939. Later, in the 1960s Milnor
introduced the Steenrod algebra, the algebra of cohomology operations, which was
another example of a Hopf algebra.

More recently the study of these algbras has gained pace because of their applica-
tions in Physics as quantum groups, renormalisation and non-comutative geometry.

In the late 1970s Rota introduced Hopf algebras into combinatorics and there is
now a well established research field know as combinatorial Hopf algebras. There are
many examples of familiar combinatorial objects which can be given the structure of a
Hopf algebra, we look at a few simple examples at the end of this work.

To date these ideas do not seem to have penetrated computer science to any great
extent.

The first part of this work is heavilly based on seminar notes by Rob Ray of North
Carolina State University.

2 \Vector spaces and Tensor Products

Vectors can be added and multiplied by scalars. Examples: geometric vectors, matri-
ces, polynomials. Scalars are members of the ground®edC, could also b&Z, or
other finite field; for generality the ground field will be refered tdfdsere.

Let V. andW be vector spaces with typical elemenfs= V andw; € W then the
tensor product of andW is a vector spac¥ ® W with typical element; ® w;. The
tensor product also has the following linearity properties,

(aivi) ® wi + (a;v)) ® wi = (a;v; + a;w;) @ wy
and
v; ® (bpwy) + v; @ (hiwy) = v; ® (bpwy, + bwy)

for any vectorsy;, v; € V andwy,w; € W and any scalarg;, a;, bpb; € F.
This means that ifvy, ve, ... v} and{w;,ws, ... w,} are bases fob and W
respectively thedu; ® wq, v1 ® wa, v2 @ w1, ... v, @ w,} is a basis fol @ W.



As an example, suppodé = Sparfvy, v2) thenV @ VSparv; @ vy, v1 ® va, v2 ®
v1,v2 @ vy). Another way of looking at this is to think ef; andv, as column vectors,

U1:(3)>, and 02:<(£>

then the tensor produdt @ V' has the basis,

1 0 0 1 0 0 0 0
o (3 )= (§ ) =3 0 mon= (5 1)

Finally here, we have the relatidhe V = V for any vector spac& (overF). The
idea here is that any fielfl can be thought of as a vector space over itself with single
base element. The isomorphism is given by identifying the basis elementsf V/
with the elements ® v; in F ® V. Notice that in particular we have thatx F = F.

3 Algebras and Coalgebras

In this context an algebra ovéris defined as a vector spade(overF) with a linear
multiplication mapu. : A ® A — A, and a unit, given by a linear unit map F —
A, such that the following diagrams commute:

A9ApA —F | AgA4

Jid@u [u

AR A _ A

and

The first of these diagrams ensures that the algebra is associative. The second
diagram expresses the properties of the unit. ILet= 5(1), then the second diargam
saysu(la ® ) = p(r ® 14) =z forallz € A.

Simple example, polynomials in one varialilér], this is not a finite vector space,
the basis ‘vectors’ aré, z, z2, 2%, .. .. Multiplication is as you would expect, for ex-
ample:

pl@z) =, plz @) =22, plz®2?) =23, pa? @) =25, ..

Since multiplication is a linear map we also hapé¢3z ® 422) = 1223 for example.
Also polynomial multiplication is associative. Finally, the unit map is simgly) = 1
and the required relations clearly hold.



The advantage of defining the concept of an algebra using diagrams, in the style of
Category theory, is that it is simply to ‘dualise’ our definitions. To do this we simply
reverse all the arrows. So we get the following definition of a coalgebra.

A coalgebra is a vector spacétogether with two linear maps, comultiplication,

A : C — C ® C and counit (sometimes called augmentation)” — [F such that
the following diagrams commute.

A

C T cC
[A 1d®@A
cec —2% , cglecC
and
C
A
F@C e®id C@C id®e C®F

The first of these diagrams expresses the so called coassociative property of the
comultiplication.

We can useC[z] as an example again. The comultiplication on basis elements is
given by,

n
A(xn) _ sz ® xnfi
=0
wherez® = 1. So for example,
Az =12’ +z0z+22®1
It it not too difficult to see that this is coassociative, consider a small example,

(ido A)(A(2?) = 1ol +rer+2201)
+r@(lez+rel)+2°® (1®1)
= 191922 +10zRz+1Rs201+r01Qx
+rRrzel+’®1®1

and the other way around gives

(ARidA@?) = 1e)er*+(1ozt+zel)@
+ler+rez+’1)®1

117’ +1r0r+2r@1lr+1R2°®1
+rerel+r’elel

These are the same except for some reordering of terms.



The counit map is given by,

(") = 1, ifn=0
A =0, ifn#0

As another example consid@ér=, the group algebra of a grodp. The basis vectors
here are the group elements G. A typical element ofCG has the form,

2191 + 2292 + - - -

where thez; € C are complex scalars ang € G. This space is also both an algebra
and a coalgebra. Multiplication on basis elements is simply the group prodyctp
gj) = gig; with the identity element as unit)(1) = e. These maps can then be
extended to the whole vector space by invoking linearity.

The coalgebra structure is given by the comultiplicatidfy) = ¢ ® g and counit
mape(g) = 1 for all g € G and then extened by linearity again. Notice that this
coalgebra is cocommutative, that is the following diagram commutes,

cG —2 ., ceeca

P b

CGeCa

The mapr here swaps the factors®C, that ist(a®b) = b®a. Notice that this dia-
gram is the dual of the diagram one would draw to express the fact that a multiplication
[ Was commutative.

In any coalgebra an elemeptvhich satisfies\(¢) = g ® g ande(g) = 1 is called
group-like.

Note, in computer science coalgebras are defined slightly differently, the linear
structures are not used and the maps are just defined on sets.

3.1 Morphisms and Bialgebras

A bialgebra is a vector space that is both an algebra and a coalgebra. Further, the
algebra and co algebra structures must be compatible. The compatibility is ensured by
requiring either of the following equivalent conditions.

1. A ande must be algebra morphisms.
2. pandn must be coalgebra morphisms.

The equivalence of these conditions becomes clear if we express them as commuta-
tive diagrams. In general a linear mgetween two algebrad and B is a morphism
if the following diagram commutes.

A A ) B®B
I//»LA I//JB
A f B




Now the comultiplication is a linear map betwednand A ® A, so the condi-
tion thatA is an algerbra morphism becomes the condition that the following diagram

commutes.
A9A —2%2 | AQAQA®A

" A

AR A

This is the same diagram that one would get by demanding.itieas coalgebra mor-
phism. However, we must be a little careful here, the map 4 involves the twist
mapr,

taga = (L@ p)o (id® T ® id)

This is most easily seen by writting the multiplicatioras- using infix notation, so the
compatibility condition becomes,

A(al . (12) = A(al) . A(CLQ)

for all elementsuy, a- in the bialgebra. This is still not absolutely clear, consider the
group algebra exampléG, from above, we have

A(g192) = 9192 ® 9192

from the definition of the coproduct and also

Ag1)A(g2) = (91 ® 91)(92 ® g2) = 9192 ® 9192

as required.

The vector space of polynomialdz] as defined above, is not a bialgebra because
the multiplication and comultiplications given above are not compatible. However, if
we modify the definition of the coproduct we can make it into a bialgebra.

4 Hopf Algebra - the Antipode

Finally we are (almost) in a position to define a Hopf algebra. A Hopf algebra is a
bialgebra with an antipode.

To explain what an antipode is we need to look at linear maps from a coalgebra
say to an algebrd. Given two such mapg, » : C — A we can get a new map from
C'to A as follows,

C

A f®h

A A—1 4

ceC

The linear map obtained in this way is called the convolutiofi @hdh, written f x h,
In terms of composition of maps we can write,

frxh=po(f®@h)oA

Now an antipode' is an endomorphism of a bialgebfs that is a linear map from
H to itself, which satisfies,

idH*S:S*idH:noe



That s, an antipode is the convolution inverse to the identity. If it exists it is necesarilly
unique.
On group-like elements the antipode gives the inverse,

(idg xS)(g) = po (idy ® S)oA(g) = mnoe(g)
po(idg ® S)(g®g) = n(l)
wWg®S(g) = 1m

Hence, we can conclude that a group algeBf@ is a Hopf algebra with antipode
S(g)=g"

5 Examples

5.1 Free Associative Algebras

Let A = {s1,s9,...,s;} be afinite set of letters—an alphabet. Now denote the set
of all possible words byl* = {1, s1, s1s1,...,5182,...}. Finally consider the vector
spacef A* whose basis elements are all the elementdgfthis is the free associative
(non-commutative) algebra a#. Multiplcation of basis elements is simply concate-
nation and the unit elementss the empty word.

Comultiplication can be defined as,

A(Sn) - i: S ® Sp—i
=0

For example,
A(81)=1®81+S1®1, A(Sg)=1®82—|—81®81—|—32®1,...

This would seem to require a total order for the elementd.of

Notice that we have only given the comultiplications for elementd ofor other
basis elements we use the morphism formula so that the comultiplication is automati-
cally compatible with multiplication. For example,

A(slsl) = A(Sl)A(Sl)
= 1®s1+5191)(1®s1+s51®1)
= (1®Slsl)+2(81®81)+(8181®1)

In fact it is straightforward to show that,
n n . .
A n — 1 n—u
(s1) ;:0 (Z>31 ® 51

and of course this is what we should have used for the comultiplication in the polyno-
mial algebraC[z], to get a bialgebra. Notice thatif has only one element then the
free associative algebra ehand the polynomial algebra in one variable are the same.



The counit must satisfythe relations,

1w = (e®id)A(w)
wRl = (id®e)A(w)

for all w in the algebra. These are easily satisfied by,
(w) = 1, fw=1
=0, fw#1

which is an algebra morphism.
To find the antipode we use the following lemma.

In a graded bialgebra an antipode can be defined recursively, so any graded bialge-
bra is necessarilly a Hopf algebra.

A graded bialgebra is one that can be split up into pieces each with a different
grade or degree. Formally, a bialget#as graded ifB = &, , B, with By, = F and
u(B;, B;) C By andA(B,) € @,,,_, Bi © B;. -

HereB; is a homogeneous piece Bfcontaining all the elements of degreeMul-
tiplying homogeneous elements must produce a homogeneous element whose degree
is the sum of the degrees of the factors. The coproduct must split a homogeneous
element into homogeneous factors whose degrees add to the degree of the original ele-
ment. Clearly the free associative algebra is graded in this sense, with the degree given
by the length of the word.

Now the recursive definition of the antipode is given 5y1) = 1, then for any
x € B,,n>1,

m

S@=—Zﬂm¢i

where .
Ax) :$®1+Zyi®zi

=1

In a free associative algebra this works very nicely, for example,
A(81)181®1+1®81

so that,
S(Sl) = 73(1)51 = —851

For the second letter we get,
A(82)252®1—|—81®51+1®82

so that,
S(s2) = —S(s1)s1 — S(1)s2 = 5151 — 52



Fors;s; we get,

A(slsl) =511 1+ 281 ® 81+ 1® 5181
so that,

5(8181) = —25(81)81 - 5(1)8181 = 851851

and so on.
To see how this works first look at the counit on a graded bialgebra, assume that for
x e Bny n Z 11

A(I):~’C®1+Zyi®zi
=1

as above. Then, from the relation satisfied by the counit we have,
(i[dooA)=r@l)+ Y yi®ez) =201
i=1

From this we can conclude that in a graded bialgeffta = 1 ande(z) = 0 for all
z € B; with ¢ > 1. Now we can substitute our formula fdx(x) into the relation for
the antipode,

po(S®id)oAlw) = noelx)

MO(S®id)($®1+Zyi®Zi) 0

i=1

p(S@) @1+ Sw)@z) = 0

i=1

S(x)+ZS(yz-)zi - 0

Sx) = - Z S(yi)zi

Notice that this Hopf algebra is cocommutative.

There is another Hopf algebra defined on this space. If take the product as the
shuffle product of words and the coproduct that splits words into all possible pairs of
prefixes and suffixes then we get a commutative Hopf algebra. | think these two Hopf
algebras must be dual to each other.

5.2 Posets

The following is taken from a paper by Ehrenborg, that Robin gave me. The partially
ordered sets here all have a minimal elem@gr@ind a maximal elemerit and have

a finite number of elements. Consider the vector sfaadose basis elements are
isomorphism classes of these posets. The multiplication in this algebra is given by the



Cartesian product of posets. i and @ are two posets then their productisx Q.
The order relation in this new poset is given by,

(z,y) < (z,w) =z < zandy < w

wherex, z € P andy, w € Q. The unit is the poset with just one element. The algebra
is graded by the height of the posets, that is the length of the longest chain in the poset;
from0Oto 1.

The comultiplication is given by the following,

A(P)=>"[0,2] @ [z,1]

zeP

where[z, y] is the intervalx,y] = {z € P : < z < y}. Notice that[z, y] is a poset
with minimal element: and maximal element.
The antipode is closely related to théMus functiorny of the poset. Let : I —
F be a linear functions whose value on the basis elementsfigP) = 1. Notice that
this function just counts the number of basis elements in a general element. Now the
recurrence relation gives,

S(P) = Z S([va}) X [,’E,l]

zeP\{1}

Applying the map¢ to this gives the recurrence relation for théblus function, so
that,

5.3 Rooted Trees

There are several ways to make the space of rooted trees into a Hopf algebra, we briefly
look at the one described by Grossman and Larson. Consider the vector space whose
basis consists of finite rooted trees.

LA SN

Figure 1: Some basis elements.

The number of edges in the tree gives a grading on the space with the tree consisting
of a single node as the only element with grade 0. This is the unit element in the algebra.
To define the coproduct we first look at the following operations. Suppisa
rooted tree then leB_(¢) denote the set of trees obtained froroy deleting the root
node and its edges. Next we introduce he({t1,ts,...,t,}) this operation takes a
set of rooted tree$t,, to, ..., t,} and forms a new rooted tree by adding a new root



Figure 2: ForB_ remove the root and thin lines, fé,. put them back!

node and joining it to the roots of the tregst,, . . ., t,. Clearly these two operations
are mutually inverse.
Now the coproduct can be defined as,

At = Y Bi(X)®Bi(X)
XCB_(t)

hereX andX partition B_(t), thatisX N X = @andX N X = B_(t). For example,

and also
AN) =0/ +10] + Ao

To compute the Grossman-Larson produ@; ®t2) we takes every tree iB_ (t1)
and attach it to a node i3, then sum over all possibilities. Again this is best illustrated
by an example,

wleN)= N + 2/}

Notice that this product is non-commutative, for example, To prove that these defi-
nitions form a Hopf algebra is non-trivial.

mAel) =M + 2/\I +}\

Since the algebra is graded we can find the antipode recursively. As usual we have
that the antipode of the unitis just the urfie) = «. The recurrence relation for trees
with 1 or more edges is,

s == Y n(S(B:(X)@B(X))

XCB_(t)

Notice that the sum now ranges over proper subsét oft) here. So for example we

have,
sSH=-1, scAN)=A + 2}
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and so forth. Notice that for trees whose roots have a single child, thatisB, (¢)
for some treg we have thatS(t,) = —t,.
5.4 Primitive Elements

A primitive element in a Hopf algebra is one that satisfies the relation,
Alx)=2z@1+1Qx

The set of all such elements in a Hopf algebra form a Lie algebra with commutator
as Lie bracket. That isy, y] = p(r ® y) — u(y @ x). It will be easier to write
the productu using infix notation. here, [z, y| = z.y — y.z. Now commutators in
associative algebras automatically satisfy the Jacobi identity, so all we have to check
here is that the set of primitive elements is closed under the bracket operation. So
assume that andy are two primitive elements,

Allz, y]) = Alwy—yx)
= Ax).Ay) — Ay).Az)
= @01+1®2).Yy1+10y) - (y21+1y).(z@1+1®x)
TYR1l+y@zr+zRy+1Qzy
—yr®l-—zry—yr—1Q0y.x
= (zy—y2)®1+1Q(zy—y.x)

In the Grossman-Larson algebra of rooted trees the primitive elements are trees of
the formt, = B, (¢), that is trees whose root has a single child. Then we get,

A(tp) = B4(t) ® B4.(0) + B1(D) @ B1(t) = tp ® e + e ® 1)

So for example we have,

[I»pjl\, [I’/K]:/{C 2/%1
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