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1 Introduction—a finite group

Molien’s theorem concerns the invariants of finite groups. So we will introduce a small
finite group to use for our examples.
The permutation group or symmetric group on 3 letters has the presentation,

Sy =<o, 7|0’ =1 =¢, 071 =7%0 >

thatis,c andr are generators of the groupbeing the identity element. These genera-
tors satisfy the relations;> = 73 = ¢, thatise has order 2 and order 3, in factr can
be thought of as a swap ands a cycle. The final relation isr = 720, ororo = 73
which shows that the subgroup generated-tmyn its own is a normal subgroup.

In cycle notation we could write,

o= (12), 7=(123).

2 Representations

We begin with a formal definition of a representation.

Definition 1 Representation A representation of a finite gr@es a homomorphism,
R:G — hom(V, V).

Herehom(V, V) is the space of homomorphisms from a vector sgéde itself. The
dimension of the vector spadéis known as the dimension of the representation.

Once we have chosen a basis ¥othe elements dfiom(V, V') can be interpreted
asn x n matrices, where: is the dimension of the representation. The condition that
the representation must be a homomorphism now becomes the condition,

R(gl)R(gg) = R(glgg)7 for all g1, g2 € G.



The multiplication on the left is matrix multiplication while the product on the right of
this equation is multiplication in the group. This condition has the simple consequence
that,

R(g~")=R(9)™",
the matrix representing the inverse of an element is the inverse of the matrix represent-
ing the original group element. And hence,

R(e) =1,

the matrix representing the identity element is always the identity matrix.

If we had chosen a different basis férwe would have got a different set of ma-
trices, but from the definition above the same representation. In fact if the two bases
are related by a non-singular mattx then the new matrix representation will have
elements,

R'(g) = MR(g)M .

So we introduce an equivalence relation between representdtionsR if the above
relation is satisfied for aly € G.
Finally in this section some examples of representatiors; of

(i) The trivial representation. For any group, the trivial representation is given by
T(g)=1forallg € G.

(i) The alternating representation We can find an alternating representation for
any symmetric group. We set,

Alo)=—-1, A(r)=1.

Notice we only have to define the representation for the generators of the group
since the homomorphism property will give us the values for other group ele-
ments. In this representation even permutations are represented by 1 and odd
ones by -1. Both the trivial and alternating representations are 1 dimensional.

(iif) The permutation representation Here we represent permutations by their cor-
responding permutation matrices,

0
0], P(r)=
1

— O O
o O =
o = O

3 Direct Sums of Representations

Given two representation$ : G — hom(V;, V;) andB : G — hom(V3, V;) of a
groupG we can produce another representation on the vector $paed/’s. In terms

of matrices this new representation, the direct sum of the two original representations,
can be written in partitioned form as,

A@B(g):(Agg) B(()g)>’ forallg € G.



Notice thatl; andV; are both invariant subspaces of this new representation. That
is for anyv € V; and anyg € G the result of the product & B(g)v lies inV; and
similar for V5. This is easily seen if we identifl; andV; with vectors of the form,

0
(B’) eV: and <u> e Vs.

Of course, if a representation doesn’t have the block diagonal form shown above
doesn’t mean it is not a direct sum of representations since it might be possible to
find a non-singular matrix/ which block diagonalises the representation. That is the
representation may be equivalent to a direct sum. We will see an example of this in a
moment first a useful technical result.

Lemmal LetR : G — hom(V, V) be a representation and suppoSeC V is an
invariant subspace then there is a complementary invariant subspace V' such
thatV =W e U.

To prove this we introduce the averaging operator

1
X= @ZR(Q).

geG

This is a sum over all group elements and depends on the representation, so we should
really write X g, or something similar, but the representation will always fixed when
we use this so no confusion should arise. Now this operator is a linear mag/ftom
V and ifu lies in an invariant subspace &f then so will Xu. This follows from the
fact that for allh € G,

R(h)X = XR(h) = X.

SinceX is a sum over all group elements multiplying Byh) just reorders the sum,
1 1 1
R(h)X = @ Z R(h)R(g) = @ Z R(hg) = @ Z R(g") = X.
geG geqG g €EG

Now we can see easily thaf R(h)u = R(h)Xu and henceX does indeed preserve
invariant subspaces. In fact for any vectothe productXv will be invariant since,

R(h)Xv = Xv.
Next we see that the kernel &f is also an invariant subspace, since,
Xw=0 = XR(h)w=R(h)Xw=0.

So we may identify//' = ker(X) since any vector is either in the kernel &f or
projected to the invariant subspace By

Note that this result can be proved in other ways and can also be generalised to
semi-simple Lie groups but not to more general Lie groups.



Finally here the promised example. Consider the permutation representat¥gn od
This has an invariant subspace,

1 01 0 1 1
Po)[1]=[1 0 0 1l=1(1
1 0 0 1 1 1
and
1 0O 1 0 1 1
Pir){1]=10 0 1 1]=1(1
1 1 0 0 1 1

Notice we only need to check this on the generators. So the vigctorl)” generates

a 1-dimensional invariant subspace. This means that the permutation representation is
really a direct sumP ~ D & T', whereT is the trivial representation and turns out

to be the 2-dimensional representation,

)= (5 %) D<T>=(_ff f)

w

2

4 Linear Invariants

An invariant is pretty much what you would expect it to be: something left unchanged
by the action of the group. However we will approach this slowly, defining first linear
invariants.

Definition 2 Linear Invariants A linear invarianj is a linear magj : V. — C which
satisfies:
i(R(g)v) =j(v), forallge G andallveV.

Again this definition is relative to a particular representation, but the notation will
assume that the representation is understood.

As an example we look at the permutation representation again./Here&C® and
element of this space can be written as column vectors,

xT
VvV = Yy
z

A linear function, or functional, on these vectors can be written as a vector,

x
iv)y=jTv=(a,b,¢) | vy | =az+by+cz.
2

Formally the vectorg are elements of the vector space dualtothat ishom(V, C);
usually writtenl*. Now the condition for a linear invariant given above becomes,

jTR(g)v =jTR(g)v, forallge G andallv V.



Since this must hold for alr we can rewrite it as,
RT(g)j=3j, forallgeG.
For the permutation representation we have,

a a
Pl b =[b], foralgeSs.

Notice that we are looking for 1-dimensional invariant subspaces of the representation
PT equivalent to the trivial representation. The representalidris the dual of the
original representatiof?. For the above we have the solutier= b = ¢ and hence the
invariantu(x + y + z) wherep is some constant. The question is are there any other
invariants? Certainly if we had two invarianfs,andj. then any linear combination,

uj1 + Aj2 would also be an invariant so we are really asking for the number of linearly
independent linear invariants.

Lemma 2 The number of linearly independent linear invariants is given by,

_ ﬁ ST (R7(g),

geG

Tr(X)

whereTr denotes the trace of the operator.

To show this we consider the averaging operator,

1
X = @l > R'(g).

geG

This is the averaging operator relative to the dual of the original represenfatiSo

this X is the transpose of th& defined in the previous section. However, since the
representation was fixed but arbitrary in the previous section its properties remain the
same, in particulakR” (h) X = X forall h € G. Now letl € V* be an arbitrary linear
functional. Then ifX1is not zero it is an invariant sinde” (h) X1 = Xlforallh € G.

This means thak must be equivalent to a diagonal matrix of 1s and Os,.

1

0

Each 1 on the diagonal corresponds to a linearly independent invariant so the trace of
this matrix count the number of linearly independent linear invariantsTapid X M —1) =
Tr(XM~'M) = Tr(X). Finally, the trace is a linear operator so the trace of a sum



is the sum of the traces and hence the result. Notice that the transpose in the formula
above is really irrelevant sinégr(AT) = Tr(A) for any square matrix, it has been in-
cluded in the above simply to remind us that it is the dual of the original representation
we are using.

Returning to our example, we can evaluate the sum a little more efficiently by
noticing that the trace is constant on a conjugacy class. The dgtpbps 3 conjugacy
classes, the first containing only the identity ﬂ‘aiP(e)) = 3. The second conjugacy
class contains the 3 swapsor ando 72, these havar (P(a)) = 1. Lastly the cycles
T andr? have tracélr (P(7)) = 0. So we have,

TY(X):L;'Q;?)T&(P@)) :é(3+3><1+2><0):1.

Sox + y + z is the only linear invariant, up to scalar multiples of course.

Notice that the termdr (R(g)) are just the characters of the representation. So
the formula forTr(X) above could be interpreted as example of the formula for the
orthogonality of group characters. 1 (g) = Tr (A(g)) andxz(g) = Tr (B(g)) are
characters of two irreducible representatiehand B then,

‘Tl” > xalg)xs(g) =0.
geG

Here irreducible just means that the representation has no invariant subspaces and
hence cannot be decomposed into direct sums of other representations. This formula
can also be used to find the number of copies of an irreducible representation in a more
general one, this is given by the projection,

no. copies ofd in Ris = ﬁ > xal9)xr(9)-
geqG

Since the characters of the trivial representation is always-lg) = 1 forall g € G,
the number of copies of the trivial representation in any representatismiven by,

no. copies o in R is = 1 > xrlg) = €L > Tr (R(g)).
Gl 7=, Gl 7=,

5 Molien’s Theorem

Now we turn to polynomial invariants. The definition is almost identical to the one for
linear invariants.

Definition 3 Polynomial Invariants A polynomial invariarjtis a polynomial mag :
V' — C which satisfies:

i(R(g)v) =j(v), forallge G andallveV.



By a polynomial map here we mean a map that is a polynomial in the components of
The action of the groug” on these polynomial functions preserves the total degree of
the polynomial so we only have to consider homogeneous polynomial invariants, any
polynomial invariant can be decomposed into a sum of homogeneous polynomial in-
variants. From now on a homogeneous polynomial invariant will be referred to simply
as an invariant.

As a simple example we look at degree 2, or quadratic, invariants of a 3-dimensional
representatior? : G — hom(C®,C?). If the components of ¢ C* arev’ =
(z, y, z) then a quadratic function will have the form,

j(v) = az® 4 2bxy + 2caz + dy® + 2eyz + f22.

The 2 in the definition above are so that we can write this neatly as a matrix product,

a b ¢ T
j(V):VTAV:(1'7y7 z)| b d e Yyl
c e f z
where,
a b ¢
A=|Db d e
c e f

So the quadratic invariants must satisfy,
RT(9)AR(g) = A, forallgcG.

Notice that this matrix produck” AR, defines a new representation of the group on
the vector space of symmetricx 3 matrices, theds. This representation is called
the symmetric square of the original representation, wriftén2. Actually it is the
symmetric square of the dual representation but ignoring this detail will not make any
significant difference in the following.

Writing the entries ofA asa;; and similar for the entries d®(g), we can write the
effect of the representation on a typical matrix entries’ass R®:2(g)a, where the
vectora contains the entries of, a = (a11, a12, a3, a2, ass, ass)’. The elements
of R®+2(g) are then given by,

2 2 2
11 27’117‘21 27‘117"31 31 27’217‘31 T31

11712 T12T21 + 711722  T12T31 + 711732 T21T22  T22T31 + 721732 731732
11713 713721 + 711723  T13731 + 711733 721723 7T23731 + 721733 731733
7“%2 2T12T22 27“127“32 T%2 27“227“32 7“%2
712713 T13T22 + 712723 T13T32 + 712733  To2T23  T23T32 + 72233 T32733
2 2 2
7’13 27’137’23 27‘137‘33 7’23 27’237‘33 7’33

We can count the number of linearly independent quadratic invariants using the formula
from the last section but substituting this representation,

o . 1
No. quadratic invariants- el > Tr (R®:3(g)).
geG



Finding all the elements of the representation when all we need is the trace is rather
inefficient so we assume that we can choose coordinatésimthatR(g) is diagonal.
The diagonal elements will be the eigenvalues of the matrix of course. Suppose that
these eigenvalues ate, w, andws, the action of the matrix on the coefficients will
be given by,
a

ij = QijWilW;

and hence the trace of the matf=2(g) will be given by,

Tr (R®52(g)) = Z ww; = wf + wiwe + wiws + w% + wows + wg
1<i<;j<3

Notice that we have to be careful here to restrict the sum to the valges < j < 3,
so that we don’t count the coefficients @f; anda;; as different. Also notice that
whether or notR(g) is diagonalisable or not is actually not important. The argument
above is just a quick way to produce the formula for the trace of the matftix(g) in
terms of the eigenvalues &f(g), it will not depend on whether or not we can actually
diagonaliseR(g).

For our permutation example we have,

Tr (P®*2(e)) = 6,
since,P(e) has eigenvalues; = wy = w3 = 1.

Tr (P®+%(0)) = 2,
sinceP(o) has eigenvalues; = we = 1 andwz = —1. Lastly,

Tr (P®3(1)) = 0,

since P(7) has eigenvalues; = 1, ws = w andws = w? wherew is a cube root of
unity; w = —% + z§ The relationl + w + w? = 0 is useful here.
The number of quadratic invariants is therefore,

1 ©.2 1 _
G > Tr (P®:3(g)) =5(6+3x2+2x0)=2.
gESs
So there are two quadratic invariants, one is cledrys y + z)?, the square of the
linear invariants. The other i8> + y2 + 22 or some linear combination of these two
invariants.
More generally, ifR is a representation on andimensional vector space with

coordinatesy, xo,. . ., z,, then the degreé invariants are given by,

n
iv) = Z Ay g, iaTiy Tiy *** Ty,
01,00, 0g=1
subject to the condition that,

n

Aivigia = D Ajoria R (9)Rjain(9) - Riyia(9),

J1.J2,---Ja=1



forall g € G, andl < iy,is,...9¢ < n. The A;, ;, . ., here is the tensor of coef-
ficients. The action of the group on this tensor is called the symmefiadd power
of the original representatioR®:<. If we use a basis in whick(g) is diagonal with
eigenvaluesvy, wo, . .., w, the trace of the symmetri¢-fold power is given by,

Tr (R®&d(g)) = Z Wiy Wiy« Wiy

Now at last we can give Molien’s theorem.

Theorem 1 (Molien 1898) Suppose thay; is the number of linearly independent ho-
mogeneous invariants ¢6f with degreed and let,

O(\) = ag\’
d=0

be the generating function for this sequence, then,

1 1
P = el 2 e (- )

The number of degreé invariantsag, is given by the sum of the traces of the
matrices in theil-fold symmetric power representation,

aa= é ST (RE(g)),

geG

since the degred-invariants are linear invariants for this representation. To prove the
theorem all we need to do is to compare this sum with the one given in the theorem. If
fact we can just compare terms, for some particylarG we have

Tr (R®Sd(9)) = Z Wiy Wiy * Wiy -

The corresponding term in the other sum is the coefficient'ah,
1 1

det (I = AR(g)) (L= 2w)(1 = wg)--- (1 = Awy)’

where the determinant has been expanded in terms of the eigenvaliég)of Ex-
panding the expression on the right-hand side here gives,

1
(1= Awy)(1 = Awg) -+ (1 — Awy,)

(14 dwy + N2w? 4 ) (14 dwg 4+ Nws +--2) -+ (14 dwy, + N2 +---),

the coefficient of\? in this expression can be seen to be,

S wws i,



as above, hence the theorem is proved.

Our example will be the permutation representatiobpfis usual. Again we can
simplify the calculation a little using the fact thaet (I — AR(g)) is constant on a
conjugacy class. So we have,

1-A 0 0

det (I —AP(e)) =det| 0 1-X 0 =(1-\)3,
0 0 1-2X
then,
1 =2 0
det (I —AP(0)) =det [ =X 1 0 =(1-XN)(1-)%),
0 0 1-2)
and finally,
I -Xx 0
det (I —AP(1))=det [ 0 1 —X|=(1-\).
-2 0 1

Assembling these results gives,

1 1 1 1 3 )
] 2 @t (1= 3P) s (T o )
(1= A)(1 =A%) +3(1 = N)*(1 = X*) +2(1 = V)31 = »?)

)
6(1 — A)3(1 — A2)(1 — A3)
1
(1= A)(1=A2)(1—\3)

So,
1

(1= N)(1 = 2)(1 - A3)’
this means that the ring of invariants is generated by three elements, a linear invariant

a degree 2 invariant and a degree 3 invariant. To see this in detail we can expand the
first few terms in the generating function,

B(\) =

PA) = (I+A+N+ - )Q+N+ M+ )Q+ NP+ 20+
= 1+ A+20+3\3 + 4\ +

So this is one linear invariant, as we have seen this is = + y + z. There are two
degree 2 invariants, one must be= (z + y + z)? the square of the linear invariant.

The other is a new invariant which could be= 2% + y? + 2% or zy + yz + zz but not

both since these are not linearly independgnt- I, = 2(zy + yz + zz). The three

cubic invariants will bel}, I, I, and a new invariant safy = % + 3 + 2°. All the
polynomial are now accounted for as sums and products of these three invariants, for
example the four degree 4 invariants &fe 115, 12 and; I5.

10
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