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1 Introduction

This talk is the first in what | hope will be a series of a few tatkn Grobner bases.
There are quite a few ideas and concepts to understand sottied main subject of
the talk will take some time to make its appearance. That igillibe quite a while
before we can actually say what a Grobner basis is.

However, it is probably useful to begin with some idea of vertdiis is all heading.
The idea is that we want to be able to solve, or at least get gwight into the solution
of, systems of polynomial equations. Crudely speaking thi#b@er basis is a kind of
analogue of the upper triangular form for systems of lineprations. We begin by
introducing some very basic notions.

Itis traditional in the subject to be coy about which field we working over. This
is because most authors want to be very general and hint ppdsbility of working
over finite field or the field of real numbers. But, to be honksstreally only interested
in the case where the ground field is the complex numBerEhis is because the field
of complex numbers are closed, and hence the result we odtaimore extensive.
(The other thing that makes for better results is to consuderything to be projective,
so that polynomial must be homogeneous. This is an extra lcatipn which we will
not bother with here.) To follow standard texts we will writee field asK but as
mentioned we will almost always meda = C.

Affine spaceof n dimensions will be writterd{". Pointin this space will be written

asn-tuples,(as, az,...,a,), wherea;, € K forall1 <i < n.
A monomial is a product of powers of variables, of the fouf{y' 252 - - - 2}*. The
exponentsy;, are often condensed into a multi-index= (a1, az,...,a;) € Z’;O. A

monomial can then be written concisely#s
A term is a monomial multiplied by an element of the ground field,

ar® = ax('xy? - apt with a € K.

A polynomial is a sum of termsf = f(x) = a1z + a2’ + - - - + a;2°.
Thering of polynomials in n variables will be denote&[z1, z, ..., x,]. This
comprises all possible polynomials,

K[Il,ZCQ,...,In]:{f:f(x):Zalxa+a2xﬁ+...+ajxf}
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Figure 1: A Variety consisting of Two Points

2 Affine Varieties
An affine variety is the zero set of a collection of polynomibhis can be defined as:

V(fl,fg,...,fk) = {(al,ag,...,an)EK”:fl(al,ag,...,an):O,
falar,ag,...,a,) =0,..., fr(a1,a2,...,a,) =0}
As an example consider a two variable exampléy? +y%—1, 3) = {(1,0), (—1,0)},

see figure 1. Notice that if we add multiples of the polynomithen the zero-set stays
the same, for example,

V((Iz + y2 - 1) + 2y, y) = V(xQ + y2’ y) = {(170)5 (_170)}'

In this particular case the equatiah= (22 + y?> — 1) + 2y = 22 + (y + 1)? — 2
represents a circle centred on the pgint—1) with radiusy/2 units.

More generally we can multiply the polynomials of the systeyrany other poly-
nomial, however this may introduce more zeros. So it is easge that,

V(fla .f?a"'afk) gv(h’la h?a-"vh’l)

if for all i, hy(x) = Y5, g;(x)f;(x) whereg;(z) € K[z1,...,z,).
The set of all functions of the form(z) = Zle gi(z)f;(z) whereg,(x) €
K|x1,...,z,)] is thus interesting and useful to study.

3 ldeals

This introduces the notion of an ideal. In any ring, but mattrly in the ring of
polynomialsK [z, ..., x,], anideal is a subset of elemenfsC Kz, ..., x,] with
the following properties,
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2. iff,gelthenf+gel
3. if f € I'thenthe produchf € I foranyh € K|z1,...,z,].

This is an analogue of the zero element in a ring, and in amythia subsef0} is
always an ideal—the zero ideal. Another ideal of any ringpésring itself. Notice that
if Iisanideal ofK[z1,...,2,] andl € I thenitis easy to see that= K[z, ..., 2,).

If we want to exclude the possibility that the ideal may bewwle of the ring we can
talk about proper ideals.

For us the most important example of an ideal is the ideabihtced above, the set
of all polynomials of the fornk(z) = Zle g;(z)f;(z) whereg;(z) € K[z1,...,zx),
this will be written,

k
<fifoe o> = {hE Koy, za] hie) =Y gi(@) fi(2)
=1
where g;(z) € K[r1,...,7,]}

and called the ideal generated by the polynomigls,. ., fx. Moreover, given an ideal
of the form< f1, fa,..., fr >, the polynomialsfy, ..., fi are called the basis of the
ideal. Our ultimate aim is to describe a particular type cfibéor any ideal, known as
the Grobner basis for the ideal.

A key theorem of Hilbertis that any ideal id[z1, . . ., x| hasthe formx f1, fo,..., fr >,
that is any ideal is generated by a finite set of polynomialsh\dbme luck we will be
able to give a constructive proof of this latter.

4 Some Particular Types of Ideals

A principal ideal is an ideal generated by a single polynomialf >. In C|x], that
is complex polynomials in one variable, all ideals are gpat; indeed< f,g >=<
ged(f,g) >. That is an ideal generated by two polynomials is the sambegleal
generated by their greatest common divisor. In particufay, and g are coprime
ged(f, g) = 1then< f, g >= CJz] the whole ring.

A maximal ideal is a proper ideal that is not contained in any other propealide
This is usually stated as follows,

I ismaximale I C J=J=Klz1,...,2,)

A monomial idealis an ideal generated by monomiatsz®, z°, ..., 2¢ >. No-
tice that elements of such an ideal will not generally be nmoiats. Indeed general
element of such an ideal will have the form,

h(z) = ga(2)2® + ga(x)2” + -+ + ge(a)a®,

for some polynomialg;(z) € K|[z1,...,z,]. Hence given an arbitrary ideal, it may
be quite difficult to tell if it is a monomial ideal or not.



Consider the ideal in two variables 22, y? >, notice that the polynomials, y
andxy are not in this ideal. However, any other polynomial,

flay) = D aya'y

max(i,j) >2

does lie in this ideal. The radical of an ideal, writteff is given by the set of polyno-
mials which have a power lying ih,

VI={f:fr eI, forsome finite positive integerr}

Clearly, in the example abovg/< z2,y? > =< z,y >. Now aradical ideal is
an ideal which is its own radical/T = I. Notice that in our example z,y > is a
radical ideal.

Finally here, gorime ideal is an ideal which satisfies the following,

I isprimes f(x)g(x) eI = f(z) el or g(z)el.

Notice that a principal ideal, an ideal generated by a sipglgnomial, is prime if
and only if the polynomial generating it is irreducible. Thetion of a prime ideal
generalises this concept of irreducibility to general Idea

5 Correspondence Between Ideals and Varieties

As we have, sort of, seen above; a variety determines an. id@abe more formal,
given a variety, we may define the ideal of all polynomialsathranish on the variety.
This can be written,

I(V)={f(z) € K[z1,...,2,) : f(&) =0 if zeV}

On the other hand it is also possible to define a variety giveideal. In this case

we have,
VI)={xzeK": f(x)=0 if fel}.

So there is a correspondence between the ideals and théiesari@his correspon-
dence is a contravariant functor. In particular the variéty=- K", that is the whole
of the affine space, corresponds to the zero idéal") = {0} =< 0 >. On the
other hand the variety corresponding to the whol&df+, . . ., z,,] is the null variety,
V(K[z1,...,2,]) = .

More generally, iff C J thenV(J) C V(I), notice the change of order here. To
see this notice that if;, f2 € I then from the definitions,

V() CV(< f1>)NV(< fa >).
So if there is a polynomia} € J butg ¢ I, then,

V(J) CV(I)NV(< g>)C V().



This also works for varieties, suppose C V are varieties, thefi(V) C I(U).
Suppose there is a poiatin V that is not inU. Now all the polynomials that vanish
onV must also vanish on the subgétbut there may be functions which vanish @n
but don’t vanish at say.

Now what happens if we find the zero set of an ideal and thenttekigleal of this
variety. We could also do this the other way around; find tle@idf a variety and then
find the zero set of this ideal.

Itis not hard to see tha&¥ (I(V')) = V butI(V(I)) D I. If we recall the example
above concerning radical ideals we can understand thiscé\thtatV (< 22, y? >) =
{(0,0)}, the variety corresponding to this ideal is simply the paithe origin. Now
I({(0,0)}) =< «,y >, the ideal of polynomials vanishing at the origin are geteta
by the polynomials: andy. So we see tha(V(< 2%,y >)) =< z,y >. Itis
possible to show that (fak = C) if [ is a radical ideal theb(V (1)) = 1.

This correspondence between ideals and varieties goes deggler. For example,
maximal ideals correspond to points/fi*. Principal ideals to hypersurfaces and prime
ideals to irreducible varieties. Finally here, the additaf ideals corresponds to the
intersection of varieties.

6 Addition of ideals

Ideal can be added, multiplied and intersected, here wégaktat addition. Letl and
J be ideals the sum + J is defined as,

I+J={f+g:fel and ge J}
The sum of two ideals is again an ideal. Moreover, we have that
<fifoeo i fe >+ <91,92, 00 >=<f1, foy - Jry 91,92, 91 >
A simple consequence of this is that,

<.f17.f25"-a k>:<f1>+<f2>+..._|_<fk>
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