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We start by recalling the familiar algorithm for dividing lyaomials in one vari-
able. The idea is that we want to extend this to an analoggasitiim for polynomials
in several variables. This is not straightforward, and wk @icounter several diffi-
culties which need to be overcome, the final problem is sobyethe introduction of
Grobner bases.

1 Division of Polynomialsin One Variable

Consider dividing the polynomigl = 23 + 22 + 2 +2by g = z — 1. To do this we can
take the leading term of and divide it by the leading term @f This will be written
LT(f) = 23, andLT(g) = « so thatLT(f)/LT(g) = «2. This quantity is recorded
and then we compute,

f'=f—=(LT(f)/LT(9))g = (2* +2* +2+2) —2*(z — 1) = 22" + = + 2.
Now we repeat this process wif: LT(f’)/ LT(g) = 2z and then,
' =f - (LT(f)/LT(g))g = (22° + 2+ 2) — 2z(x — 1) = 3z + 2.
Repeating once more givéq'(f"”)/ LT(g) = 3, so that
f" =" = (LT(f")/LT(g))g = (3 +2) — 3(z — 1) = 5.

Now the leading term of doesn’t divide the leading term gf” so we are done, all
that remains is to put together the results, let

h = LT(f)/ LT(g) + LT(")/ LT(g) + LT(f")/ LT(g) = 2* + 2z + 3
and the remainder is= /" = 5. This means we can write,
f=hg+r=(*+22+3)(z—1)+5.

There are many consequences of this algorithm. In partiguigaclear that the results
for h and the remainder are unique and moreover that the degree of the remainder
is strictly less that the degree ¢f



The computation can be set down as follows,

2 + 2z + 3
x—1] 22 + 22 + =z 4+ 2

l‘g — IQ

222 4+ x 4+ 2

222 — 2
3x + 2
3r — 3

5

Now suppose we try to imitate the above with polynomials iresal variables. Im-
mediately we hit a problem, what is the leading term for a polyial of several vari-
ables? If we assume naively that this is just the term of higtegal degree then there
maybe several different terms with this degree and it dogtemahich we choose. For
example, supposg = z? +y? andg = y + 1 and say we assume thet is the leading
term of f, this would lead to the result,

f=0.g+ " +y%),
on the other hand if we say that is the leading term fof the we get,

f=yg+ (@ —y).

To overcome this problem we need to introduce an orderinf@possible mono-
mials.

2 Orderson Monomials

Certainly we want any order on monomials to be a total ordéinabany pair of mono-
mials may be compared and which is the ‘larger’ can be decitledre are a couple of
other requirements that are needed of an order on monorélarte needed to make
this work. So we define monomial ordering on K[z1, xo,...,x,] to be a relation
>, on the monomials of the ring, or equivalently on the muitlicesa: € Z%, with
the following properties,

e > is atotal order, that is it is transitive, anti-symmetriddor any pair of ele-
mentsa, 8 € Z%, eithera > B, f > a ora = S.

e if a > gandy € Z5, thena +~ > 3+ ~. This is required to make the algebra
consistent with the ordering. Notice that adding multiiges is equivalent to
multiplying monomials.

e > is a well-ordering orZ%,. This means that ever non-empty subsefZgf,
(even infinite subsets) has a smallest element. Put anoteramy decreasing
sequencey > 5 > --- > £ > - -- eventually terminates.



There are many possible monomial orderings and it doesrttemahich one we
choose, at least not for theoretical purposes. In practioputations can often be
done far more efficiently using the ‘correct’ monomial oiidgr However, we won't
concern ourselves with practicalities here.

Our first example of a monomial order will be the lexicograydi lexical ordering
>1ex. This is supposedly the ordering used in dictionaries, lvewim any dictionary |
have seen ‘a’ is before ‘aardvark’ so | don’t think this isremt. Once we have decided
on an ordering for the variables, (usually >cx 2 >1ex « - - >10x T, OF alphabetic or-
der forz >ex y >10x 2 fOr example). This ordering is most conveniently expressed
terms of multi-indicesq >« 3 if the left-most non-zero entry of — /3 is positive.
For examplery?z >ex x22 since(1,2,1) — (1,0,2) = (0,2, —1). To see that this is
indeed a monomial ordering as defined above, notice thatli¢#sly a total order, this
follows from the fact that ‘greater thar® is a total order o1Z>(. Next it is clear that
(a+7v)—(B+7) =a—pandhence + v >1ex § + 7 if @ >1ex 8. Finally, observe
that if this were not a well-ordering there would be an inéréequence of elements,
QA >1ex B >lex -+ >lex € >1ex - - - CoONsider the successive differences 3, 5—1, ...
the left-most non-zero digit will form a decreasing sequewtich must terminate in
a zero in a finite number of steps. After this the next digitla tight will form a de-
creasing sequence terminating in a zero in a finite numbeepgsand so forth until we
run out of digits, again after a finite number of steps. Thistadicts the assumption
that the sequence is infinite.

The next monomial ordering we look at is called ‘degree thexichl’ or ‘graded
lexical’ often abbreviated to deglex. Here, monomials adeped by total degree then
any ties are broken by the lexical ordering. The total degf@emulti-indexa is given

by,
la| = Z ;.
i=1

So we may define the monomial orderingegiex as,
Q@ >deglex B < || > |B] orif |af =|B] then a>xf

There are several other possible monomial orders and okeowue can always
permute the order of the variables to start with.

3 TheDivision Algorithm

Now let us see how the idea of a monomial order helps us to defindsion algorithm
for polynomials in several variables. First notice thattiogion of the leading term is
now well defined, presuming we have chosen to work with a definonomial order.
There remains a small problem with simply imitating the oagable case, to see the
problem consider the following division: Suppose we divfde: 2% + 42 + z by g =

x — 1 using the deglex ordering. To begin with there is no probER(f)/ LT(g) = «
so that,

f'=F—=LI(f)/LT(g9)g = y* + 2.



But now the leading term of’ (under the deglex ordering)ig andLT(g) = = doesn’t
divide this. With the standard, one variable algorithnms thould mean we are finished
and f’ would be the remainder. However, it is clear that the nexhter f’ is divisible
by x so we should really keep on dividing, the leading ternyoforming part of the
remainder. So the algorithm should be,

Inputs:
Polynomialsf andg.

Outputs:
Quotienth and remainder.

Method:
initialise h := 0,
initialiser := 0,
while f # 0 do:
if LT(g) dividesLT(f) then
h:=h+LT(f)/LT(g),
f = f —LI(f)/ LT(g)g,

else
r:=r+ LT(f),
fi=f-LT(f),
end while
Outputh, .

Note that it is easy to tell if one monomial divides anothedividesg if and only
if a1 < B1, a2 < Pa,...,an < Ba.

Applying this algorithm to the example whefe= 22 + y% + z by g = x — 1 gives
h = (x + 2) andr = (y? + 2) so that,

f=(x+2)g+ (1 +2).

The next complication is that we don't just want to divide liygée polynomials,
we really want to be able to divide by ideals. One possiblearavhy we want to
do this is to solve the so called ideal membership problenpp8se we are given a
polynomial f and an ideal =< ¢1, g¢o, ..., gx >, how could we tell whether or ngt
is an element of ? One possible answer to this would be to divfdby g1, then take
the remainder; and divide bygs, then repeating this for al; in the basis for. We
will end up with an identity of the form,

f="higi +hogo+ -+ hpgr + 1.

Now if the remainder is zero then we can definitely say thiat 7. Butif » # 0 then
we cannot exclude the possibilifyc I. This is because the result depends, in general,
on the order that we divide by basis polynomials. As an examgnsider the case
wheref = 2% +y? + 2y — 1 andl =< 22 +y? — 1, y >. Dividing f by 22 +y2 — 1,
using deglex order, giveds = 1 andr = 2y. Then dividingr by y givesh = 2,r = 0,
that is,

f=1(*+y*—1)+2(y) +0.



So clearlyf € I. Now consider dividingf by y first. The first step here would be
to addz? = LT(f) to the remainder so that, = y + 2 and the first remainder is
r = 22 — 1. Dividing this now byz? + 32 — 1 we geth = 1 andr = —y?, leading to,

f=W+2y+1*+y> —1) -y

Notice here that the remainder is in fact divisible by theibatementy, so we could
have divided byy again to get the same result as before. This is not alwayste c

This problem can be partially solved by dividing by the basilynomials in a more
symmetrical fashion, inside a single algorithm,

Inputs:

Polynomialsf andgs, g, - .., g.
Outputs:

Quotientshq, hs, ..., hi and remainder.
Method:

initialise hy :=0,ho :=0,...,h; :=0,
initialise r := 0,
while f # 0 do:
i :=1,// loop counter
s := k, [/l exit condition
whilei < s do
if LT(g;) dividesLT(f) then
f=f—LI(f)/LT(g:)g:,
s := 0, /Il force exit
else
=1+ 1
end while
if s # 0 then //no division happened
r:=r+ LT(f),
fi=f-LT(f),
end while
Outputhl, ho,..., hg, 7.

Notice here how the algorithm steps through all the posbiadis elementg,, g, . . ., gk
in turn until it finds one that divides the currefit If none of them dividef then the
leading term off is moved to the remainder Unfortunately this does not completely
solve the problem since the result is still sensitive to thdeoin which theg;s are
checked.

To see this consider the following example. lfet x%y+zy*+y? andg, = y>—1,
g2 = xy — 1. Using deglex ordering we can see tfdi(g,) doesn't divideLT(f)
but LT(g2) does. Sof becomesf = z?y + y? + x. Now the leading term of this
polynomial is divisible by boti.T(g;) andLT(g2). But the algorithm says we must



divide by LT (g1), the result also has a leading term divisibleItl(g, ) and the final
result will be,

y+ayi +y? = (w+D)g +age+22+1=(x+ 1)y —1)+a(zy—1)+22+1.
On the other hand if we swap andg, we get,
By+ay’+yt=(e+y)(ey—1)+ L")+ —y+1.

Overcoming this problem leads to the notion of Grobner béseideals.
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