| THEOREM OF THE DAY

Euler’s Product Formulafor £(s) For any complex number s having real part Re(s) > 1,
1 1 1 1 1\7?! 1\t 1\71
[(=1l+—=—+—=+—+—+...=|1-—= 1- — 1—-—1 ...

SE

2 3 4 5 pi) U m) s
where pq, P2, Ps, . . . arethe prime numbers.
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Repeat the above process for every pripeOn the left-hand side
we get:
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All that will remain on the rightis ... 1. Divide out:
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With his formula, Euler initiates an extended analysis
which culminates in a proof that the sum of the recip-
rocals of the primes diverges. It was presented to the
St. Petersburg Academy in 1737 and was published hyFacsimile of Eulers
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them in 1744 (see the facsimile on the right, courtesy olfcirca series _infini-
the wonderful Euler Archive, and spot Euler’s misprint!)! tas’, entry E072 at
. eulerarchive.maa.ofg
The convergence properties of the formula were not studi-
ied until the next century and the extension to complex
numbers is due to Riemann in his famous 186%é&r die

Anzahl der Primzahlen”. Web link: www.maths.tcd.igoulyMathgCoursewar@2§ (notes by Tirﬁ“(-)thy Murphy, Euler’s formula is discussedPimmes-1).
Further reading: How Euler Did It by C. Edward Sandifer, MAA, 2007, Chapter 33.
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